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1.  INTRODUCTION 

This  second  annual  report  summarizes  Ae  progres^  made  m  Ae 

of  this  research  are  to  develop  me  o  subgrid  models  investigated  in  this  research 

methods  to  number  complex  flows.  Akey  breakthrough 

are  chosen  pnmanly  for  application  in  b  -^  Hvnamic  subgrid  model  that  no  longer  requires, 
ftis  year  was  development  o  “  SoW  was  developed  by  using  a 

^he  nermann’s  identity,  however,  it  is  still  _y - -  .  -  behavior  of  the  subgrid  mod- 

-medtod  Utat  empi^dte  toelas  no 

els .  Since  the  scale  suntlanty  approach  can  be  u  J  suberid  model  (although  specual 

need  to  employ  spectral  space  informauon  ”  “P  models)  Thus  the  new  dynamic  approach 
space  analysis  was  carried  out  to  »  w^  P^t "  „oael  is  that 

has  potential  for  applicanon  to  more  ““9'“  "  of  flow  problems, 

it  is  a  Inily  local  model  and  does  not  requtre  7,^^.  “'X^^n  tow  (W  Decaying  Isotropic 
The  flow  fields  were  no  averaging  (v)  ftL  Lular  jet 

turbulence,  (iii)  Forced  isotropic  tobu  ence,  (  stream  averaging)  were  required  to 

with  axial  entrainment.  Some  ”>"“”i<’"^XTtowT^^  »“8- 

handle  mote  complex  flows  such  as  (w)  hnnnded  flows  may  be  a  limitation  of  the  dissipa- 

gest  that  the  cross-stream  averagmg  tor  the  concept 

S™d“hfr:  "Sues  :JelLnSy  being  addressed  and  we  ^eve  that  it  will  be  possible 
m  deX  a  local  <iy»amic  aubgnd  model  for  even  very  complex  flows. 

The  results  obtained  so  far  are  .^cussed  in  detml  m^e  P-P^^^'^on,  wts) 
1995;  Kim  and  Menon,  1995a,  l»5b;  M^on^d 

XX™sXX“l.“calW 


2.  DEVELOPMENT  OF  A  NEW  LOCALIZED  DYNAMIC  MODEL 

In  the  earner  studies  (Menon  and  Yeung,  1994;  Menon  et  al.,  1995)  various  subgrid  models  were 
analyzed  to  investigate  their  behavior  in  predicting  the  subgrid  stresses  and  energy  transfer.  Usmg 
cross-correlation  analysis,  it  was  determined  that  classical  subgrid  models  (such  as  the  Smagorm- 
sky’s  eddy  viscosity  model  and  the  constant  coefficient  model  for  the  subgrid  kinetic  energy)  are 
not  able  to  reproduce  accurately  the  subgrid  stresses.  On  the  other  hand,  dynamic  models  such  as 
the  Germano’s  dynamic  model  and  a  new  dynamic  model  for  the  subgrid  kinetic  energy  (Menon 
et  al.  1994;  1995)  clearly  showed  superior  ability  to  reproduce  the  subgrid  stresses  and  the  energy 
transfer.  More  interestingly,  the  dynamic  model  for  the  subgrid  kinetic  energy  appeared  to  have 
the  potential  for  modeling  the  subgrid  terms  accurately  even  when  relatively  coarse  gnds  were 
employed.  Since  the  one  equation  model  for  the  subgrid  kinetic  energy  was  chosen  for  simulaUn^g 
high  Reynolds  number  LES,  this  result  was  particularly  encouraging.  It  is  expected  that  for  high 
Reynolds  number  LES  of  complex  flows,  the  grid  resolution  practically  possible  (due  to  resource 
constraints)  wffi  be  limited.  Therefore,  simple  dissipative  models  (even  with  dynamic  evalua¬ 
tions)  may  not  be  sufficient  for  practical  LES.  In  addition,  the  assumption  of  local  equilibnum 
between  the  production  and  dissipation  of  the  kinetic  energy  (an  assumption  implicit  in  all  alge¬ 
braic  eddy  viscosity  models)  is  violated  (as  shown  in  Kim  and  Menon,  1995a).  It  was  therefore, 
important  that  the  ability  of  the  kinetic  energy  model  be  demonstrated  for  high  Reynolds  number 
flows.  This  was  accomplished  recently  using  simple  flows  but  at  relatively  high  Reynolds  number 
flows  (e.g.,  Re-^  —  250 )  using  very  coarse  grids  (e.g.,  32  ).  These  results  are  reported  in  Menon 

and  Kim  (1995)  and  Kim  and  Menon  (1995b). 

A  limitation  of  the  Germano’s  method  was  that  some  form  of  local  or  global  averaging  was 
required  to  ensure  stability  of  the  simulation.  This  averaging  was  required  due  to  the  inherent  defi¬ 
ciencies  of  the  Germano’s  dynamic  method  such  as  the  mathematical  inconsistent  denvation  and 
m-conditioning  problem  of  the  dynamic  formulation  and  the  prolonged  presence  of  negative 
model  coefficient.  These  limitations  were  removed  by  Carati  et  al.  (1995)  recently  using  a  local¬ 
ized  model’  however,  their  model  required  solution  of  the  subgrid  kinetic  energy  to  constraint  the 
coefficient  ’and  furthermore,  two  additional  equations  had  to  be  solved.  The  computational  cost 
was  quite  severe  for  this  approach.  The  limitations  with  the  Germano’s  approach  have  been  over¬ 
come  in  the  present  formulation  using  a  different  approach  based  on  local  scale  similarity  Md  a 
new  truly  local  (in  both  time  and  space)  evaluation  of  the  coefficients  has  been  constructed  for  the 
one-equation  subgrid  model  for  the  subgrid  kinetic  energy.  Moreover,  the  new  approach  no  longer 
requires  application  of  the  Germano’s  identity  which  was  the  cause  of  the  ill-conditiomng  prob¬ 
lem  and  the  localized  model  coefficients  obtained  from  this  model  have  been  shown  to  be 
Galilean-invariant  and  very  realizable.  In  addition,  the  computational  cost  for  the  new  model  is 
minimal  compared  to  other  techniques.The  properties  of  this  model  has  been  studied  by  applying 
it  to  various  flows  and  comparing  its  prediction  with  DNS  and  experimental  data.  It  has  been 
shown  that  very  high  Re  flows  can  be  simulated  relatively  accurately  using  very  coarse  gnds  pro¬ 
vided  the  scale-similarity  requirements  are  satisfied.  The  predictions  have  also  been  compared  to 
the  predictions  using  the  Germano’s  model  (which  is  unstable  without  averaging)  and  the  r^ults 
suggest  that  the  proposed  new  local  model  is  capable  of  predicting  results  using  coarser  gnd  and 
without  using  any  global  or  local  averaging. 


3.  DEVELOPMENT  OF  A  METHOD  FOR  COMPLEX  FLOWS  WITH  AND  WITHOUT 
CHEMICAL  REACTIONS  ON  A  NON-STAGGERED  GRIDS 

Anew  method  for  solving  the  time  dependent  Navier-Slokes  equations  has  been  recently  devel¬ 
oped  using  the  low-Mach  number  approximation.  The  low  Mach  number  approximation  allows 
the  study  of  reacting  flows  where  the  effect  of  acoustics  is  negligible.  This  methodology  was 
developed  to  study  complex  flows  with  and  without  chemical  reactions.  The  key  feature  of  this 
method  is  the  non-staggered  formulation  (unlike  the  staggered  methods)  used  within  the  frac¬ 
tional  step  scheme.  The  non-staggered  formulation  was  developed  to  address  some  fundamental 
issues  in  LES  modeling.  For  example,  when  staggered  grids  are  employed,  the  flow  velocity  com¬ 
ponents  are  defined  at  half-points  that  are  not  coincident.  Thus,  when  filtering  is  carried  out  (spe¬ 
cially  for  dynamic  approach),  the  filtered  variables  are  not  at  the  same  physical  location.  In  the 
past  studies  using  staggered  grids  (e.g.,  Carati  et  al.,  1995)  this  issue  has  been  ignored.  However, 
it  is  not  clear  if  this  issue  is  not  important  for  complex  flows,  specially  when  coarse  grids  are 
employed.  Anon-staggered  scheme  is  required  to  remove  this  problem.  In  addition  to  this  capa¬ 
bility  another  interesting  feature  of  the  non-staggered  method  is  that  it  allows  the  same  scheme  to 
work  without  any  modifications  for  flow  with  and  without  chemical  reactions.  An  implicit  scheme 
is  used  for  time  advancement  and  a  multigrid  solver  is  used  to  solve  the  Poisson  equation  for  pres¬ 
sure.  The  scheme  has  been  validated  for  a  variety  of  flows  using  both  DNS  and  LES.  The  flows 
studied  so  far  include;  (i)  isotropic  turbulence,  (ii)  temporal  mixing  layers  with  and  without  heat 
release,  (iii)  plane  Couette  flow  and  (iv)  laminar  and  turbulent  round  jets.  The  last  two  flows  are 
considered  the  building  blocks  for  analyzing  the  subgrid  models  in  flows  with  walls  and  in  more 
complex  flows  such  as  the  turbulent,  swirling  free  jet.  Preliminary  studies  (reported  in  Chakra- 
varty  and  Menon,  1995)  show  that  the  dissipation  term  in  the  subgrid  kinetic  energy  needs  to  be 
modified  to  handle  flows  near  walls.  A  modification  was  devised  and  tested  recently  with  apparent 
success.  Further  study  is  underway  to  investigate  the  issue  of  local  evaluation  near  walls. 

These  results  are  summarized  in  Chakravarty  and  Menon  (1995)  which  is  included  as  an  Appen¬ 
dix  to  this  report. 

4.  PLANS  FOR  THE  NEXT  YEAR 

The  study  carried  out  so  far  has  established  that  the  baseline  local  dynamic  model  can  be  used 
without  any  modification  for  a  variety  of  flow  fields  even  when  the  Reynolds  number  is  high.  The 
studies  also  showed  that  some  modifications  are  required  to  handle  flows  with  walls.  However, 
preliminary  results  in  wall-bounded  flows  showed  that  the  modification  to  the  dissipation  term  is 
required  to  develop  a  local  subgrid  model  for  wall-bounded  flows.  The  validation  of  the  local 
model  for  wall  bounded  flows  and  for  more  complex  flows  will  be  the  primary  focus  of  the  next 
year’s  work.  Currently,  four  parallel  research  studies  are  underway  to  address  these  issues.  These 
studies  are; 

(a)  Demonstration  of  the  local  subgrid  model  for  rotating  isotropic  turbulence  and  rotating  free 
shear  flows 

This  study  is  directed  towards  determining  the  behavior  of  the  new  subgrid  model  in  flows 
where  external  rotation  is  imposed.  It  is  well  known  that  with  rotation,  the  energy  transfer  from 


the  large  scales  to  the  small  scales  is  modified.  An  accurate  subgrid  model  specially  such  as  the 
one  currently  being  investigated  (based  on  the  subgrid  kinetic  energy)  must  adjust  to  the  global 
rotation  imposed  on  the  flow  field.  The  behavior  of  the  dissipation  term  in  the  subgrid  model  is 
key  to  this  adjustment.  Therefore,  this  study  is  being  carried  out  first  using  a  rotating  isotropic 
field  and  then  later  with  a  rotating  shear  flow  to  investigate  the  modifications  needed  for  simulat¬ 
ing  such  flows  using  the  new  local  subgrid  model.  This  study  should  also  provide  guidelines 
regarding  the  implementation  of  the  LES  approach  to  more  complex  flows  such  as  the  swirling 
jets. 

(b)  Demonstration  of  the  local  subgrid  model  for  wall  bounded  flows 

Past  smdy  of  Couette  flow  has  shown  that  the  current  model  is  quite  accurate;  however, 
there  are  some  more  issues  that  remains  to  be  resolved  such  as:  (i)  the  effect  of  grid  stretching,  (ii) 
the  effect  of  grid  anisotropy  (i.e.,  when  the  grid  spacing  is  different  in  the  spatial  directions),  and 
the  effect  of  filtering  on  the  governing  equations  when  the  grid  is  highly  stretched.  These  issues 
has  to  be  resolved  for  studies  of  complex  wall-bounded  flows  where  is  grid  stretching  is  manda¬ 
tory  and  since,  the  resolution  in  the  three  spatial  dimensions  cannot  be  the  same. 

(c)  Development  of  the  next  generation  local  subgrid  models  for  more  complex  flows 

For  flows  with  large  scale  and  unsteady  separation  such  as  flows  past  rearward  facing 
steps,  application  of  the  Germano’s  algebraic  model  has  shown  good  predictive  capability.  How¬ 
ever,  to  achieve  good  agreement,  relatively  low  Reynolds  number  flows  were  simulated  using  rel¬ 
atively  very  high  grid  resolution.  Both  this  limits  are  considered  unacceptable  for  developing 
practical  LES  methods  for  complex  high  Reynolds  number  flows.  We  have  begun  a  new  study  of 
the  rearward  facing  step  flow  using  the  new  subgrid  model  to  study  high  Reynolds  number  flow 
(Re  =  0(100000))  using  practical  grid  resolution.  Past  calculations  has  shown  reasonable  agree¬ 
ment  for  flow  for  Re  =  0(1000)  but  it  is  expected  that  even  the  present  model  will  be  unable  to 
simulate  such  flows  accurately.  Modifications  to  the  dissipation  terms  are  expected  to  improve  the 
model;  however,  some  new  thinking  is  required  to  handle  such  flows.  A  key  issue  to  be  addressed 
is  the  behavior  of  the  energy  transfer  in  complex  flows.  Local  and  global  backscatter  needs  to  be 
addressed  in  a  more  general  manner  than  studied  before.  Anisotropic  eddy  viscosity  concepts  (i.e., 
eddy  viscosity  that  is  a  function  of  spatial  directions)  are  being  investigated  to  improve  the  basic 
method  of  representing  the  subgrid  stresses  in  terms  of  an  eddy  viscosity  model.  We  are  also 
exploring  a  new  approach  whereby  the  local  energy  transfer  and  subgrid  stresses  are  modeled  by 
more  complex  non-linear  closures  which  contains  other  terms  in  addition  to  the  eddy  viscosity 
term  .These  issues  will  be  investigated  in  the  coming  year. 

(d)  Application  of  local  subgrid  models  for  free  jets  with  and  without  swirl 

This  study  was  initiated  recently  to  study  free  jets  using  the  current  model.  Preliminary 
results  are  encouraging.  This  study  will  be  extended  to  handle  jets  with  swirl  in  the  next  year.  The 
study  of  rotating  flows  (case  (b)  above)  should  shed  light  on  the  modifications  necessary  to  handle 
such  flows. 
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Abstract 

A  new  dynamic  model  that  provides  localized  (both  in  time  and  space)  determination  of  the  model 
coefficients  has  been  constructed  with  the  base  on  the  subgrid-scale  kinetic  energy  equation  model  for 
large-eddy  simulations  of  turbulent  flows.  In  this  model,  the  deficiencies  of  Germano  et  al.'s  dynamic 
subgrid-scale  model,  such  as  the  mathematically  inconsistent  derivation  and  ill-conditioning  problem  of 
the  dynamic  formulation  and  the  prolonged  presence  of  negative  model  coefficient,  have  been 
overcome.  Moreover,  the  localized  model  coefficients  obtained  from  this  model  are  proved  to  be 
(jalilean-invariant  and  very  realizable.  The  properties  of  the  model  have  been  studied  by  applying  it  to 
large-eddy  simulations  of  Taylor-Green  vortex  flow,  and  decaying  and  forced  isotropic  turbulence.  The 
results  are  compared  to  experiments,  direct  numerical  simulations  and  large-eddy  simulations  using  the 
previously  developed  dynamic  subgrid-scale  models.  Finally,  it  is  demonstrated  that  the  simplicity  of  the 
proposed  model  makes  it  computationally  very  efficient 

1.  Introduction 

The  dynamic  subgrid-scale  (SGS)  model  which  was  introduced  by  Germano  et  al.  (1991)  has  been 
successfully  applied  to  various  types  of  flow  fields  (Moin  et  al.,  1991;  AkselvoU  &  Moin,  1993; 
Piomelli,  1993;  Zang  et  al.,  1993;  El-Hady  et  al.,  1994).  Two  desirable  features  make  this  model 
especially  attractive.  First,  the  model  coefficient  is  determined  as  a  part  of  the  solution,  thus,  removing 


the  major  limitation  of  the  conventional  eddy-viscosity  type  SGS  models  (e.g.,  the  Smagorinsky  model) 
which  was  the  inability  to  parameterize  accurately  the  unresolved  SGS  stresses  in  different  turbulent 
flows  with  a  single  universal  constant  Second,  as  a  result  of  the  dynamic  determination,  the  model 
<Yv»ffiripjit  can  become  negative  in  certain  regions  of  the  flow  field  and,  thus,  appears  to  have  the 
capability  to  mimic  backscatter  of  energy  from  the  subgrid-scales  to  the  resolved  scales. 

Although  it  has  been  shown  that  Germano  et  al's  dynamic  model  is  superior  to  the  conventional  fixed- 
coefficient  model,  the  dynamic  procedure,  as  developed  earlier,  still  has  some  deficiencies.  These 
deficiencies  originate  from  a  weakness  of  the  Smagorinsky  model  used  in  Germano  et  al.'s  dynamic 
model,  as  well  as,  from  the  mathematically  inconsistent  (terivation  and  the  ill-conditioning  of  the 
dynamic  formulation  itself.  The  Smagorinsky  time-independent,  algebraic  eddy-viscosity  model  is 
derived  by  assuming  the  equilibrium  between  the  SGS  energy  production  and  dissipation.  However,  the 
validity  of  this  assumption  in  general  turbulent  flows  is  still  questionable.  Furthermore,  in  actual 
implementation  of  the  Smagorinsky  model,  the  isotropic  part  of  the  SGS  stress  tensor  (which  is 
equivalent  to  2/3  of  the  SGS  kinetic  energy)  is  added  to  the  pressure  and  treated  as  a  pressure  head 
resulting  in  the  grid-scale  total  pressure.  Consequently,  the  velocity  field  is  determined  from  the  direct 
influMice  of  this  grid-scale  total  pressure  instead  of  the  pressure  alone  (Yoshizawa  &  Horiuti,  1985). 
These  are  considered  to  be  limitations  of  the  Smagorinsky  model  Also,  as  noted  by  the  original 
authors,  the  dynamic  model  employing  Germano  et  al.'s  mathematical  identity  caimot  guarantee  stable 
numerical  simulations.  A  popular  approach  to  stabilize  the  simulations  is  spatial-averaging  of  the  model 
coefficient  in  directions  of  flow  homogeneity.  This  has  been  quite  successful  in  simple  flows  such  as 
isotropic  turbulence.  However,  since  complex  flows  do  not  possess  any  direction  of  flow  homogeneity, 
more  complex  local-averaging  procedures  are  required  and  have  been  recently  proposed  (e.g.,  Zang  et 
al.,  1993;  Meneveau  et  al.,  1994;  Kim  &  Menon,  1995).  Although  good  results  have  been 
dwnonstrated  using  these  methods,  local-averaging  approaches  are  still,  in  general,  unacceptable 
because  averaging  itself  is  carried  out  only  to  avoid  numerical  instability,  and  has  nothing  to  do  with  the 
dynamic  procedure.  Therefore,  a  truly  robust  dynamic  model  must  be  able  to  yield  a  stable  and  accurate 
solution  using  local  values  of  the  model  coefficients  that  vary  both  in  time  and  space. 


In  this  paper,  a  transport  equation  for  the  SGS  kinetic  energy  incorporated  with  the  dynamic  procedure 
has  been  investigated.  The  direct  computation  of  the  SGS  kinetic  energy  implemented  in  the  present 
iq)proach  is  expected  to  account  for  some  local  details  of  the  flow  structure  and  history  effects  of  the 
turbulence  evolution.  Also,  this  separately  evaluated  SGS  kinetic  energy  makes  it  possible  that  the 
velocity  is  determined  directly  from  the  pressure.  To  remove  the  mathematical  inconsistency  and  the  ill- 
conditioning  problem  of  Germano  et  al.'s  dynamic  formulation  without  employing  spatial-averagmg,  a 
new  localized  dynamic  formulation  associated  with  the  orie-equation  SGS  model  has  been  developed. 
This  model  provides  a  straightforward  localized  determination  of  the  model  coefficients  and  does  not 
cause  numerical  instabiUty.  The  properties  of  this  model  have  been  studied  using  data  obtained  from 
experiments,  direct  numerical  simulations  (DNS),  and  large-eddy  simulations  (LES)  of  Taylor-Green 
vortex  flows,  and  decaying  and  forced  isotropic  turbulence.  The  localized  dynamic  SGS  model  is 
developed  for  applications  to  LES  of  complex,  high  Reynolds  number  flows  in  arbitrary  geometiy. 
Hence,  studying  this  model  in  isotropic  turbulent  flows  is  not  sufficient  enough  to  fully  demonstrate  its 
capabilities.  However,  successful  prediction  of  simple  turbulent  flows  is  a  necessary  step  toward  model 
vahdation  because  the  simplicity  of  these  flows  makes  it  easy  to  study  the  properties  of  a  model 

thoroughly. 

In  section  2,  various  dynamic  SGS  models  are  described  with  the  basic  equations  indicating  their 
advmuges  and  limitations.  Also,  a  new  model  that  overcomes  the  deficiencies  of  the  previously 
developed  dynamic  models  is  introduced  with  some  basic  properties  being  smdied.  In  section  3,  the 
numerical  methods  employed  in  this  study  are  described.  In  section  4.  the  new  model  is  applied  to 
Taylot4jreen  vortex  Dow  and  decaying  and  force  isotropic  turbulence.  Conclusions  are  presented  m 

section  5. 


2.  Subgrid-scale  modeling 


In  physical  space,  the  incompressible  Navier-Stokes  equations  for  LES  are  achieved  by  low-pass 
filtering  of  a  computational  mesh  (hence,  the  characteristic  length  of  this  filter  is  the  grid  width  A )  as 

follows, 


dxi 


du:  .  _  Bu- 

dt  ^^dXj 


dx 


dXjdxj 


(2) 


where  u^ix^,!)  is  the  resolved  velocity  field  and  the  SGS  stress  tensor  is  defined  as 

—  —  (3) 

X^-UfUj-UiUj.  '  '' 

In  order  to  close  equations  (1)  and  (2),  one  needs  to  model  in  terms  of  the  resolved  velocity  field  u,. 
By  decomposing  the  full  scale  velocity  into  the  large  scale  quantity  «;  and  the  small  scale  quantity  u', 
Xfj  can  be  shown  to  contain  three  components:  the  Leonard  stress  su^.-UiU^  the  cross  stress 
q,  and  the  SGS  Reynolds  stress  In  earlier  studies  (e.g.,  Moin  &  Kim,  1982), 

the  Leonard  stress  was  calculated  directly  while  the  cross  and  SGS  Reynolds  stresses  were  typically 
modeled.  Speziale  (1985)  pointed  out  that  the  cross  stress  is  not  Galilean-invariant  while  the  typical 
models  for  this  terra  are  invariant  and,  hence,  this  approach  of  separating  the  exact  SGS  stress  mto 
three  components  results  in  the  LES  equations  of  motion  that  are  not  Galilean-invariant  Consequently, 
fliis  approach  cannot  have  general  applicability  since  it  is  inconsistent  with  the  basic  physics  of  the 
problem,  which  requires  that  the  description  of  the  turbulence  be  the  same  in  all  inertial  frames  of 
reference.  An  alternate  approach,  which  is  properly  invariant  is  modeling  x^  as  a  whole.  This  approach 


is  adopted  in  this  study. 


Eddyviscosity  models  assume  pmportionalio-  betw«n  the  amsotropic  part  of  the  SOS  stress 
T  -i-5  Xaa  and  the  resolved  scale  strain  rate  tensor  5^ : 

**  3  »  ** 


tensor 


where  is  the  eddy  viscosity  and 


c  _i(5ii+^ 

*  2\dxj  dXi 


Staple  dtaensioma  arguments  suggest  that  the  eddy  viscosity  v,  should  be  given  by  the  product  of  a 
velocity  scale  and  a  length  scale.  In  LES,  the  length  scale  is  usually  related  to  the  filter  size  (A), 
however,  various  models  differ  in  their  prescription  for  the  velocity  scale  which  can  be  estimated  from 
the  smallest  tesolved  scales.  In  the  Smagorinsky  model,  an  algebraically  described  velocity  scale  .s 
obtained  by  assuming  that  an  equilibrium  exists  between  energy  production  and  dissipation  in  the  small 
scales,  one^uafion  SGS  model  (Schumann,  1975;  Y»hizawa  &  HoriuU,  1985;  Menon  e,  n/.,  1994) 
solves  a  transport  equation  for  the  SGS  kineUc  energy  to  provide  the  velocity  scale. 

The  eddy-viscosity  models  for  spatial-filtered  LES  have  almost  the  same  forms  as  used  for  Reynolds- 
averaged  Navier-Stokes  computations.  Another  class  of  SGS  models,  which  are  often  called  sinulanty 
models,  has  also  been  developed  (Bardina  e,  n/..  1980;  Uu  e,  nl,.  1994).  Utese  models  assume  the 
Smilarity  of  turbulent  stresses  in  consecutive  scales  or  msolutiotis  (e.g..  similarity  between  the  smallest 
resolved  scale  suess  and  the  latgest  unresolved  SGS  stress).  Although  these  models  reproduce  the 
Sttmmim  of  the  SGS  stress  rather  weU.  they  do  not  dissipate  sufficient  energy  and  must  be  combmed 
with  the  eddy-viscosity  model  in  order  to  have  all  of  the  desired  properties.  The  msulting  models  are 
e^mhy  caned  the  mixed  models.  In  the  mixed  models,  the  major  role  of  the  similarity  part  is  to  cause 

backscattering  of  SGS  energy  (Horiuti,  1989). 


Dynamic  SGS  models  have  recently  received  the  most  attention.  This  type  of  SGS  models  uses  the 
eddy-viscosity  model  as  a  base  model  and  incorporates  the  amilarity  concept  to  dynamically  determine 
the  model  coefficients.  To  date,  two  typical  dynamic  models  have  been  suggested.  One  is  a  dynamic 
algebraic  SGS  model  (Germano  et  al,  1991)  which  is  incorporated  with  the  Smagorinsky  model,  and 
tiie  other  is  a  dynamic  one-equation  SGS  model  (Ghosal  et  al.t  1995;  Kim  and  Menon,  1995)  based  on 
the  SGS  kinetic  energy. 


This  paper  is  restricted  to  the  study  of  the  dynamic  SGS  models  (see  Menon  et  al,  1994  for  a  detmled 
study  of  the  eddy- viscosity  and  similarity  models). 

2.1.  Dynamic  Algebraic  Subgrid-Scale  (DASGS)  Model 

The  simplest  model  which  predicts  the  global  energy  transfer  with  acceptable  accuracy  is  the  algebraic 
eddy-viscosity  model  originally  proposed  by  Smagorinsky  (1963): 

T,  =  -2c^A^|s|5;.+i5,T«  (6) 

where  the  model  coefficient  is  equivalent  to  the  square  of  the  Smagorinsky  constant  and 
=  In  classical  approach,  requires  adjustment  for  different  flows.  A  large  number  of 

studies  have  been  devoted  to  fine-tuning  for  various  flows  of  interest.  This  problem  was 
circumvented  by  using  a  dynamic  procedure  (Germano  et  al.,  1991)  which  implements  a  direct 
evaluation  of  c^.  In  the  dynamic  modeling  approach,  a  mathematical  identity  between  the  SGS  stresses 
resolved  at  the  grid  filter  level  characterized  by  A  and  the  test  filter  characterized  by  A  (typically, 
A-2A)  is  used  to  determine  the  model  coefficioit  c^.  Piomelli  et  al.  (1988)  showed  that  the  proper 
choice  of  filter  is  essential  to  maintain  model  consistency  for  conventional  SGS  models.  Furthermore, 
the  nature  of  the  test  filter  should  be  simUar  to  that  of  the  grid  filter  to  conserve  the  similarity  of  the 
SGS  stresses  defined  on  these  two  filter  levels.  Various  types  of  filtering  operations  have  been  studied, 
such  as,  top-hat,  Gaussian,  and  Fourier  cut-off.  In  the  present  study,  we  employ  the  top-hat  filter  for 


the  test  filtering  which  is  considered  appropriate  for  finite-difference  methods  in  physical  space.  Thus,  if 
file  application  of  the  test  filter  on  any  variable  (j)  is  denoted  by  ^  or  «|>  >,  it  can  be  shown  that. 


where 


(7) 

(8) 


is  the  SGS  stress  tensor  defined  at  the  test  filtCT  level  Assuming  self-similarity  of  the  subgrid-scale 
stresses,  one  can  model  in  the  same  way  as  : 


7i=-2c, 


Pi, +15.7;;*. 


Combining  (6),  (7),  and  (9),  an  equation  for  c,,  can  be  obtained; 


where 


(10) 

(11) 


Equation  (10)  is  a  set  of  five  independent  equations  for  one  unknown  c,*.  To  minimize  the  error  that 
can  occur  solving  this  over-determined  system,  Lilly  (1992)  proposed  a  least-square  method  which 
yields 

^iis^^L  (12) 


WMe  Germano  et  a/.’s  dynamic  model  has  been  used  successfuUy,  some  drawbacks  are  worth  noting. 
First,  in  spite  of  a  large  spatial  variation  of  the  model  coefficient,  it  is  taken  out  of  the  spatial-filtering 
operation,  as  shown  in  (10),  as  if  it  were  a  constant  in  space.  Local  values  of  the  model  coefficient  as  a 
function  of  space  are  then  sought.  This  mathematical  inconsistency  decreases  the  accuracy  of  the 


dynamic  model.  Second,  the  resulting  equation  (12)  for  is  ill-conditioned  because  the  denominator  of 
this  expression  (i.e.  Af^)  comes  from  the  algebraic  manipulation  of  two  base  models  defined  at  different 

filtering  levels  and.  hence,  it  can  become  very  small  causing  numerical  instability.  These  two  drawbacks 
are  direcUy  related  to  Germano  .r  ai:s  mathematical  identity  (7).  The  final  drawback  is  the  prolonged 
occurrence  of  negative  model  coefficient  in  some  locations  of  the  flow  field  which  has  also  been  known 
to  cause  numerical  instabiUty  (Lund  er  al.,  1993).  This  drawback  appears  to  result  fiom  the  nature  of 
the  Smagorinsky  model  used  as  a  base  model  in  Germano  et  aVs  dynamic  formulation. 

In  this  paper,  we  refer  to  Germano  et  c/.'s  dynamic  formulation  incorporated  with  the  Smagonnsky 
algebraic  model  as  the  dynamic  algebraic  subgrid-scale  (DASGS)  model. 

2.2.  Dynotnic  k-EQuotion  Subgrid-Scule  (DKSGS)  Model 


A  one-equation  model  for  the  subgrid-kale  kinetic  energy. 


^sgs 


(13) 


in  the  following  form  (e.g.  Yoshizawa,  1993), 


has  been  studied  lecenOy  (Menon  &  Yeung,  1994;  Menon  «  e/..  1994).  Here,  the  three  terns  on  the 
right-hand-side  of  (14)  represent,  respectively,  the  production,  dissipation  and  diffusion  of  In  the 

model  of  the  diffusion  term,  the  direct  effect  of  v  has  been  dropped.  In  the  original  model  of  this  term, 
v,/o,  is  used  in  place  of  v,.  However,  since  o,  =  1  is  usually  adopted  (Pradshaw  «  al.,  1981; 
Yoshizawa,  1993),  o.  has  been  dropped  from  (14).  Note  that  the  dynamic  procedure  might  need  to  be 
used  to  detennine  o.  (or  a  diffusion  model  coefficient  defined  in  different  way  such  as  in  appendix  A), 
It  is  especially  expected  that  the  dynamic  procedure  for  o,  (or  a  diffusion  model  coefficient)  is 


worthwhUe  in  the  How  where  the  diffusion  tenn  becomes  important,  such  as,  in  jets  and  wakes,  and  m 
the  vicinity  of  waUs  in  channel  and  boundary  layer  flows.  This  dynamic  formulation  of  a  diffusion  model 
coefficient  is  presented  in  appendix  A.  The  SGS  stress  tensor  is  modeled  in  terms  of  the  SGS  eddy 

viscosity  Vj.  and  as: 


Xjj  —  ~2Vj-S^ 


where 


Here,  c,  is  an  adjustable  coefficient  that  is  determined  dynamicaliy.  as  shown  below.  As  shown  in  (16), 
V,  has  'the  form  which  is  used  in  a  standard  one^uadon  model  for  Reynolds-averaged  Navier-Stokes 
computations.  Equation  (14)  is  closed  by  providing  a  model  for  the  dissipation  rate  term,  e.  Usmg 
simple  scaling  arguments,  £  is  usually  modeled  as 


Jk’ 

e=c.^ 


where,  c.  is  another  coefficient  that  is  also  obtained  dynamically.  An  important  feature  of  this  model  is 
that  no  assumption  of  the  equmbiiurn  between  the  SGS  energy  producdon  and  dissipation  has  been 
made.  Moreover,  the  direct  evaluation  of  the  SGS  kinetic  energy  implemented  in  this  model  allows  the 
velocity  to  be  directly  determined  from  the  pressure  (i.e.,  the  pressure  and  the  velocity  are  direcdy 
coupled)  unlike  in  the  Smagotinsky  model  where  the  velocity  is  determined  by  the  grid-scale  total 
pressure  which  includes  both  the  pressure  and  the  isotropic  part  of  the  SGS  stress  (Yoshizawa  & 

Horiuti,  1985). 

The  dynamic  modeling  method  is  appUed  to  the  »-equation  subgrid-scale  model  to  obtain  appropnate 
values  of  the  coefflcients  c,  and  c..  To  implement  this  method,  the  SGS  kinetic  energy  at  the  rest  ater 


kvel  is  obtained  from  the  trace  of  (7); 


#:=4./2+v 


(18) 


Using  a  procedure  similar  to  that  outlined  in  Section  2.1,  an  equation  for  can  be  derived. 


—  2c^N^- 

where 


(19) 

(20) 


Since  (19)  has  the  same  fonn  as  (10),  c,  can  be  detemined  in  a  similar  manner  using  the  least-square 
method  which  yields 


^  =1Ml  (21) 

'  2N,Ny‘ 


A  mathematical  identity  similar  to  (7)  between  the  dissipation  rate  resolved  at  the  grid  filter  level,  £ , 
and  the  test  filter  level,  £,  can  be  obtained  as; 


where 
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(22) 


(23) 


(24) 


This  identity  is  used  to  evaluate  the  dissipation  rate  model  coefficient  c,  by  employing  the  model  for  e , 
(17),  and  the  similar  model  for  E  at  the  test  filter  level. 


F=Ce 


(25) 


Note  that  (25)  is  a  scalar  equation  for  a  single  unknown  and,  hence,  an  exact  value  c,  can  be  obtained 
without  applying  any  approximation. 

In  this  type  of  dynamic  formulation,  (jermano  et  al.'s  mathematical  identity  and  its  variant  (22)  are  still 
adopted.  Hence,  the  mathematical  inconsistent  derivation  and  the  ill-conditioning  problem  lemam.  The 
advantage  of  this  model  is  that  by  introducing  the  A:-equation  SGS  model  as  a  base  model  for  the 
dynamic  formulation,  the  prolonged  presence  of  negative  model  coefficient  (i.e.,  c,)  is  no  longer  the 

source  of  numerical  instability.  Unfortunately,  however,  this  formulation  does  generate  another 
drawback  by  introducing  the  identity  (22).  That  is,  the  equation  (25)  for  c,  has  the  unphysical  property 

of  vanishing  at  high  Reynolds  numbers.  This  is  due  to  the  fact  that  the  effective  viscosity  for  E  in  (24)  is 
not  the  same  as  the  molecular  viscosity  for  e  in  (23).  Since  £  is  the  dissipation  characterized  by  a  larger 
scale  than  the  characteristic  scale  ofe,  the  effective  viscosity  for  E  should  include  the  energy  transfer 
(to  the  smaller  scale)  at  that  larger  scale.  Furthermore,  the  scale  separation  between  £  and  E  increases 
as  Reynolds  number  increases.  Thus,  as  Reynolds  number  increases,  the  modeled  expression  for  £, 
(24),  becomes  worse,  resulting  in  poor  prediction  of  the  coefficient  c,  and,  hence,  the  actual  dissipation 

e .  To  resolve  this  problem,  the  molecular  viscosity  in  (24)  should  be  replaced  by  the  effective  viscosity 
for  £  which  is  larger  than  the  molecular  viscosity.  However,  deriving  an  expression  for  the  effective 
viscosity  is  not  possible  due  to  a  lack  of  information  on  the  characteristic  scale  of  the  test-fUter-level 
SGS  kinetic  energy  dissipation. 


2.5  Localized  Dynamic  hEquation  Subgrid-Scale  (LDKSGS)  Model 


AS  expUi,.ed  in  pnceding  secUons.  fl.e  f— ons  using  Gennano  «  n/.’s  msd«n.aucal 

identity  suffer  from  numerical  inslabfflv  caused  t,y  flte  ill«mditioned  eapressiun  for  model  coefficmnt 
end  by  the  prolonged  presence  of  negative  model  coefficient  a.  some  locations  in  the  computational 
domaim  This  problem  has  been  circumvented  by  spatial-avemging  the  expmssion  for  the  mode, 
.eefflcient  in  diroctions  of  flow  homogeneity  (e.g..  Gennano  «  nl..  1991;  hfoin  «  ul..  1991).  Recently. 
Meneveau  e,  ul.  (1994)  suggested  a  La^gian-averaging  scheme  applied  along  particle  tr,ie«oj 
rather  than  directions  of  homogeneity.  This  model  is  based  on  the  hypothesis  that  the  SGS  m  e 
coefficient  at  a  given  point  should  depend  in  some  way  on  the  histiuy  of  the  flow  along  the  trajectory 
fading  to  that  point  because  turbulent  eddies  are  expected  to  evolve  along  this  pathlme.  nus  mode 
was  tested  in  homogeneous  and  channel  turbulent  flows.  In  homogeneous  flows,  the  msults  were  as 
good  as  the  volume-averaged  dynamic  model;  while  in  channel  flows,  the  pmdictions  were  superior  to 
tiiose  of  the  conventional  plane-averaged  dynamic  model  It  was  reported  that  this  model  r^uu 
about  10%  mom  computational  time  than  the  conventional  spatial-averaged  dynamic  model  Kim  & 
Menon  (1995)  also  developed  a  simple  local-avmaging  scheme  which  is  based  on  the  assumption  that 
main  dynamic  mechanism  determining  the  local  property  of  the  mrbulent  flow  occurs  inside  Icc^ 
struauros.  These  iocal  smicmres  were  defined  in  tenus  of  vorticity  since  mrbulent  flow  m  chamctenze 
toe-dimensional  vorticity  flucmations  caused  by  both  the  Imge  scale  and  the  small  scale  eddies^ 
They  obtained  slightly  better  rosults  than  the  volume-averaged  dynamic  model  in  the  simulation  of 
Taylor^amen  vortex  flows  and  demonstrated  the  potent!^  of  the  scheme  for  application  to  complex 

flows. 

Although  the  local-avemged  dynamic  models  might  lead  to  accurate  results  and  have  the  potential  for 
apphcation  to  complex  flows,  the  concept  of  local-avaaging  (whether  based  on  local  strucmres  or 
along  particle  trajectories)  is  still  an  artifact  that  is  employed  ^arily  to  control  the  numenc 
tastability.  Furthermore,  since  the  implementation  of  any  averaging  method  necessarily  accompany  «n 
it  m,  mnbiguity  in  choosing  the  domain  over  which  avmaging  is  to  be  applied,  the  local-averagmg 

method  isinconsistent  with  the  dyrmnucprocedurewbich  isattem^^^ 


ambiguity.  A  true  dynamic  model  should  evaluate  the  model  coefficients  locally  without  any  ad  hoc 
averaging.  In  the  following,  we  describe  two  different  localized  dynamic  models  that  do  not  employ 
(nor  require)  any  form  of  averaging. 

Gbosal  et  al.  (1995)  developed  the  dynamic  localization  model  based  on  the  SGS  kinetic  energy, 
DLM(it),  which  is  applicable  to  inhomogeneous  flows.  This  model  introduces  a  variational  formulation 
to  rigorously  derive  integral  equations  for  the  model  coefficient  as  a  function  of  position  and  time  and  is 
mathematically  consistent.  Also,  by  solving  the  integral  equations  iteratively,  the  numerical  instability 
resulting  from  the  ill-conditioning  problem  was  effectively  prevented  (note  that,  since  this  model  used 
the  SGS  kinetic  energy  equation  as  a  base  model,  the  prolonged  presence  of  negative  model  coefficient 
is  not  a  source  for  numerical  instability).  However,  this  was  achieved  at  an  additional  price  (Carati  et  al. 
(1995)  reported  that  DLM(it)  required  67%  more  CPU  time  than  the  standard  Smagorinsky  model 
while  the  conventional  spatial-averaged  dynamic  model  spent  4%  more  CPU  time)  due  to  the 
complicated  and  expensive  procedure  required  to  solve  two  more  integral  equations  iteratively,  as  well 
as,  one  transport  equation.  This  model  has  been  tested  in  isotropic  turbulence  and  in  the  flow  over  a 
backward-facing  step  and  demonstrated  its  capability  by  showing  a  good  agreement  with  experiments 

for  both  cases. 

In  this  study,  we  propose  a  simpler,  mathematically  consistent,  and  numerically  stable  formulation  of 
localized  dynamic  model.  Before  describing  this  model,  some  characteristic  scales  and  flow  properties 
at  the  grid  and  test  filter  levels  need  to  be  defined  as  shown  in  table  1.  Ifre  following  discussion  will 
attempt  to  demonstrate  the  features  of  the  new  model  using  reasoning  based  in  physical  space  (rather 
than  in  spectral  space).  At  the  grid  filter  level,  there  are  two  energy  levels  characterized  by  and 

(the  factor  K  is  neglected  in  the  following  discussion  for  brevity).  The  SGS  kinetic  energy  is  then 

determined  by  the  difference  between  these  two  energy  levels,  ie.,  2k,^,  =«,«, -u^i.  Since  the  energy 
is  resolved  at  the  grid  filter  level,  the  only  meaningful  length  scale  characterizing  this  energy  level  is 
the  grid  resolution  A.  However,  the  characteristic  length  scale  (say  /*)  for  the  energy  level  «,m,  is 
unknown.  Since  >«;«;,  it  can  be  deduced  that  the  characteristic  length  scale  for  u,^  Ues  in  the 
unresolved  range  of  scales  (i.e.,  /*  <  A).  It  is  also  known  that  the  length  scale  characterizing  the 


production  of  the  SGS  kinetic  energy  is  much  larger  than  the  length  scale  characterizing  the  dissipation 
of  the  SGS  kinetic  energy  and,  hence,  it  is  reasonable  to  state  that  the  length  scale  characterizing  the 
production  of  the  SGS  kinetic  energy  is  A  wlule  C  represents  a  characteristic  length  scale  for  the 
dissipation  of  the  SGS  kinetic  energy.  The  separation  between  the  scales  where  the  SGS  kinetic  energy 
is  produced  and  where  it  is  dissipated  explains  why  the  model  for  ef^k^/A)  is  poor  (i.e.,  the 

dissipation  model  uses  A  as  a  length  scale,  which  is  inappropriate).  To  properly  model  the  production 
and  the  dissipation  of  the  SGS  kinetic  energy,  it  is  necessary  to  have  additional  information  on  the 
energy  transfers  at  these  two  length  scales.  However,  the  information  on  the  energy  transfer 
characterized  by  the  smaller  scale  (e.g.,  dissipation  by  the  molecular  viscosity)  is  not  available. 
Iherefore,  an  additional  assumption  (simUar  to  that  used  in  the  Reynolds-averaged  Navier-Stokes 
turbulence  models)  that  the  energy  transfer  which  occurs  at  the  smaller  scale  is  essentially  controlled  by 
the  energy  transfer  at  the  larger  scale  and  the  energy  determined  by  both  energy  tranters  (e.g.  *,„)  is 

required.  Fmally,  the  length  scale  and  the  strain  rate  tensor  (to  parameterize  the  energy  transfer)  of  the 
larger  scale,  and  the  energy  determined  by  both  energy  transfers  are  sufficient  to  model  not  only  the 

production  rate  of  the  SGS  kinetic  energy  (or  the  SGS  stress  tensor  on  which  the  SGS  kinetic  energy 
production  depends,  e.g.,  the  production  rate  of  h  -t,^  )  but  also  the  dissipation  rate  of  the  SGS 

kinetic  energy. 

The  definitions  and  relations  employed  at  the  grid  filter  level  can  be  extended  to  the  test  filter  level  as 
long  as  the  scales  are  defined  in  a  similar  manner.  The  energy  level  «;5;  is  resolved  at  the  test  filter  level 
and  characterized  by  A  =  2A  whereas  the  characteristic  length  scale  (say  /  )  for  the  energy  is 
unknown,  and  again  and  T  <  2A.  However,  at  the  test  filter  level,  an  additional  scale  can 

be  defined.  Since  the  SGS  kinetic  energy,  21:,„  =«,«,  -ujif,  is  obtained  by  filtering  the  total  turbulent 
energy  at  the  grid  filter  level,  a  (similarly  defined)  energy  at  the  test  filter  level,  JS 

obtained  by  applying  the  test  filter  to  ufi,.  This  energy  is  dissipated  at  the  scale  characterized  by  the 
energy  level  while  being  produced  at  the  characteristic  length  Scale  A  =  2A  which  corresponds  to 
the  energy  level  tp,,  since  {ufi)  >  However,  since  this  dissipative  scale  lies  in  the  resolved  range 

of  scales,  the  energy  is  dissipated  due  to  the  SGS  eddy  viscosity  as  weU  as  the  molecular  viscosity. 
Therefore,  the  effective  viscosity  for  the  dissipation  of  the  energy  is  (v+ v^). 


e  =  (v+Vy) 


dUj  du\  dUj  dUj 


=  c.[i((«;n;)-5;5;)]^/A 


(27c) 


As  long  as  both  the  grid  and  the  test  filter  levels  are  located  in  the  range  where  the  amilanty 
assumption  is  valid,  c.  and  c.  in  (26)  and  (27)  remain  the  same.  Note  that  (26a)  and  (27a)  represent, 

respectively,  the  actual  SGS  stress  tensor  and  the  dissipation  rate  which  must  be  modeled.  These  two 
expressions  contain  the  two  unknown  model  coefficients  c.  and  c..  Previously  (see  section  2.2)  the 
expressions  for  7:.  and  E,  (26b)  and  (27b).  were  adopted  to  dynamically  determine  these  unknowns. 

However,  this  procedure  introduced  additional  unknowns,  («,«;)  and  ( 

the  model,  the  other  independent  relations  (e.g.  Germano  et  aVs  mathematical  identity,  (7),  and  its 
variant,  (22))  were  needed.  These  additionally  introduced  relations  become  the  source  of  both  the 

mathematical  inconsistency  and  the  ill-conditioning  problems.  In  this  study,  we  adopt  the  expressions 
for  r^  and  e,  (26c)  and  (27c),  (which  do  not  contain  any  additional  unknowns)  instead  of  7:  and  £, 

respectively.  Therefore,  Germano  ^r  n/.’s  mathematical  identity  and  its  variant  are  no  longer  needed  to 
close  the  model  Both  c,  and  c,  can  be  determined  in  the  same  manner  as  was  done  earUer  for  c,  and 

(in  section  2.2).  Thus, 

where 

o^  = 

and 


AS  Shown  above,  no  mathemaacahy  inconsistent  procedure  is  involved  in  this  dynamic  foimulanon. 
Furthermore,  the  denominators  of  (28)  and  (30)  contain  the  energy  information  within  the  resolved 


scale  »Wch  is  weUHieHned  (note  that  in  (12).  (21).  md  (25).  the  denominator  contain  algebraically 
updated  parameters,  hence,  the  resulting  espmssions  can  not  be  well^med).  •Iheretom.  the  ffl- 
,  problem  (observed  in  the  dynamic  models  using  Oeimano  a  ai:s  mathematical  idenmy)  rs 

not  considered  serious  here.  Furthermore,  the  expression  for  c,.  (30).  does  not  have  the  unphysrcal 

property  ofvanishing  at  high  Reynolds  numbers  unlike  (25)  since  the  effec^^  (v+v^)  isused 

instead  of  just  v.  The  existence  of  the  similaiity  between  the  SOS  stress  u^,-u.u,  and  the  resolved 
stress  is  supported  by  Uu  a  al.'s  (1994)  analysis  of  experimental  data  in  the  far  field  of  a 

round  jet  M  a  realonably  high  Reynolds  number  (Re,  -  310).  In  their  work,  a  high  correlation  between 


the  two  stresses  is  obtained.  Therefore,  the  basic  assumption  of  the  proposed  localized  model  has  some 
validiv  fium  experimental  observation.  The  proposed  LDKSGS  model  can  be  in  a  more  general  form  if 
the  dynamic  procedure  is  applied  to  the  diffusion  model.  This  dynamic  formulation  is  presented  in 
appendix  A.  Rnally.  the  eompuutional  cost  of  the  LDKSGS  model  was  evaluated  and  compared  to  the 
cost  of  the  volume-averaged  DKSGS  and  DASGS  models  in  the  simulaUons  of  Taylor-Green  vortex 
flow  (the  detaUed  description  of  this  flow  will  be  presented  in  section  4.1).  It  was  observed  that  to 
reach  the  same  (physical)  time  level,  the  LDKSGS  model  requited  the  same  computaUonal  efforts  as  the 
volume-averaged  DASGS  model,  while  the  volume-averaged  DKSGS  model  required  40%  more 
computational  cost  than  the  volume-averaged  DASGS  model.  The  rdmplicity  of  the  dynamic 
formulation  in  the  LDKSGS  model  fit  can  be  easily  observed  that  both  the  volume-avemged  DKSGS 
and  DASGS  models  need  much  more  information  to  determine  the  model  coefficients  than 
LDKSGS  requires)  appears  to  compensate  for  the  additional  expense  involved  in  the  solution  procedure 

of  the  SGS  kinetic  energy  transport  equation. 


2.4  Basic  Properties  ofLDKSGS  Model 


Before  s^)plymg  the  LDKSGS  model  to  various  flow  fields  of  interest,  it  is  worthwhile  to  examine  the 

basic  properties  of  the  model  from  a  theoretical  point  of  view.  Recenfly,  Vreman  et  al.  (1994)  argued 
that  SGS  models  should  share  some  basic  properties  with  the  exact  SGS  stress  to  successfully 

predict  this  unresolved  quantity.  They  presented  three  properties  of  that  SGS  models  should  fulfill  as 
a  necessary  condition.  First,  is  a  symmetric  tensor,  therefore,  the  model  of  should  be  symmetric. 

Second,  the  filtered  Navier-Stokes  equations  are  Galilean-invariant  They  should  retain  this  property 
even  after  is  replaced  by  the  model.  Fmally,  the  property  that  is  positive  for  positive  filters  (i.e., 

the  filter  kernel  is  positive  over  the  domain  applied)  must  be  satisfied.  Therefore,  the  model  for  x-^  is 
required  to  be  positive  as  well,  if  positive  filter  is  employed.  Actually,  the  first  requirement  is  true  for  all 
existing  SGS  models.  However,  the  latter  two  requirements  need  to  be  checked  especially  when  a  new 
SGS  model  is  being  considered.  The  ability  of  the  proposed  LDKSGS  model  to  satisfy  these 
requirements  is  discussed  below. 

The  Navier-Stokes  equations,  as  well  as  their  filtered  LES  form  (2),  exhibit  Galilean-invariance.  As 
Speziale  (1985)  has  argued,  the  SGS  stress  must  be  modeled  with  terms  which  are  Galilean-invariant  so 
that  the  resulting  LES  equations  of  motion  for  the  large  eddies  retain  the  same  form  in  all  inertial  frames 
of  reference.  In  other  words,  the  proposed  SGS  model  should  be  properly  Galilean-invariant,  otherwise, 
the  model  loses  its  general  applicabiHty.  The  Galilean-invariance  of  the  SGS  model  can  be  examined  by 
employing  the  following  transformations. 


x;  =  Xi  +  l/r+C 

r*  =  r 


(31a) 

(31b) 


where  1/  and  C  are  any  constant  vectors.  This  transformation  yields  a  frame  of  reference  in  which  the 
motion  differs  by  a  constant  translational  velocity.  Hence,  if  x,  constitutes  an  inertial  frames  of 
reference,  then  x*  will  represent  the  class  of  inertial  frames  of  reference.  By  differentiating  (31),  we 


obtain 


(32a) 

(32b) 


M*  =  Ui  +  U 

-L=iL 

ax*  dXi 
Bt*  dt  ’  dxj 


(32c) 


Substituting  (32a)  into  the  definition  of  the  SGS  kinetic  energy  (13).  we  derive  ^  Since  U  is 
constant,  the  strain  rate  tensor  is  invariant  Consequently,  it  is  clear  that  the  models  for  (26a). 
and  for  e  .  (27a).  are  invariant  Hie  direct  substitution  of  these  results  and  (32)  into  (14)  yields. 


(33) 


and,  hence,  the  SGS  kinetic  energy  equation,  (14),  is  Galilean-invariant  This  analysis  can  be  extended 
to  the  test  filter  level  to  show  that  the  trace  the  test-filter-level  strain  rate  tensor  S,,  r,  in 

(26c),  and  e  in  (27c)  are  all  Galilean-invariant  RnaUy,  by  direct  substitution  of  these  results,  it  can  be 

shown  that 


=  c,. 


(34a) 

(34b) 


Vreman  et  at  (1994)  have  shown  that  the  realizability  conditions  for  the  Reynolds  stress  in  the 
statistical  approach  are  also  valid  for  the  SGS  stress  t,  in  the  spatial-filtering  approach.  Hiey  proved 
that  the  tensor  t^,-  forms  a  Grammian  matrix  which  is  always  positive  semidefmite.  Hence,  is  positive 

semidefinite  and  the  realizability  conditions  given  by  the  following  inequalities  hold. 


(35a) 

(35b) 


However,  this  proof  is  only  valid  if  positive  filters  sucli  as  the  top-hat  or  Gaussian  filters  are  employed. 

If  the  spectral  cut-off  filler  is  appUed,  this  proof  does  not  hold,  at  is  worthwhile  to  note  here  that  in  the 

dynamic  SOS  modeling  approach,  grid-filtering  is  usually  implemented  by  the  low-pass  filler  of  a 
- mesh  which  is  believed  to  be  a  positive  filler,  therefore,  the  resulting  SOS  stress  is 

poritive.  In  this  case,  if  the  spectral  cut-off  filter  is  used  for  test-filtering,  the  SOS  stress  at  the  test  filler 
levd  can  locaUy  be  negative.  Tberefore,  the  dynamic  SOS  modeling  approach  loses  its  consistency.) 
nie  use  of  the  low-pass  filter  of  a  computattonal  mesh  makes  x,  posidve  and,  hence,  it  is  consistent  to 

require  that  the  model  of  t,  should  be  positive  as  well  In  the  LDKSGS  modeling  approach,  the  base 
model  (i.e.,  the  SGS  kinetic  energy  equation  model)  is  fonnulated  in  such  a  way  that  the  SGS  kinetic 
energy  remains  positive  during  the  simulation.  Ibis  was  briefly  proved  by  Ghosal «  of.  (1995).  Thus, 
this  base  model  for  the  LDKSGS  foimulation  is  realizable.  The  key  question  that  remains  to  be 

answered  here  is  that  whether  the  dynamically  detennined  model  coefficients  are  reliable  enough  to 
guarantee  that  the  model  for  t,,  satisfies  the  realizability  conditions  ezpressed  by  the  two  inequalities  in 

(35).  The  first  inequality  (35a)  expresses  the  realizabiUty  condition  for  the  diagonal  elements  of  the 
stress.  Therefore,  this  inequality  is  not  sufficient  to  demonstrate  a  complete  realizability  condition. 

Including  the  second  inequality  provides  a  more  genera!  set  of  the  realizability  conditions.  (Note  that 
one  may  need  other  inequalities  such  as  det(T,)£0  to  complete  the  set  of  realizability  condinons.) 

These  inequalities  give  upper  and  lower  bounds  for  the  model  coeflidenl  We  will  first  examine  the 
inequality  in  (35a).  By  rewriting  (26a)  for  the  diagonal  elements  of  t,.  we  obtain 

=  -2c,Al*,S„ 

where  a  =  {l.m.n}  and  denote  the  eigenvalues  of  the  strain  rate  tensor  which  are  assumed  to  have 
m.  arrangement  of  ^  a  a  S„  (here,  repeated  indices  (ixa,  11,  mm,  and  nn)  are  used  to  in«cate  the 
eigenvalues  of  the  strain  rate  tensor,  therefore,  the  summation  rule  is  not  implied)  for  convenience. 
Futthermore,  the  signs  of  these  dgenvalues  of  the  strain  rate'tensor  are  derermined  from  the 
incompiesability  condition  (J,-tS.„+i.=0)  so  that  the  largest  eigenvalue  S,20.  the  smallest 
eigenvalue  £  0 .  and  J„  can  have  either  sign.  The  direct  substitution  of  these  results  into  the  first 

lealizabUity  condition  (35a)  gives  the  Mowing  condition: 


(37) 


ft 

3A5„ 


<c,^ 


'JSL. 


3A5„ 


where  S„  has  negative  sign  and,  hence,  the  lower  bound  is  also  negative.  This  condition  implies  the 
lealizability  of  the  diagonal  elements  of  the  SGS  stress  model  (i.e.,  consequently,  the  positivity  of  the 
SGS  kinetic  energy).  However,  it  does  not  automatically  imply  that  the  off-diagonal  elements  of  the 
SGS  stress  model  are  also  realizable.  Another  expression  of  upper  and  lower  bounds  for  c,  which 

includes  the  off-diagonal  elements  is  obtained  by  substituting  (15)  into  the  second  realizability  condition 
(35b)  (for  generality,  the  sum  of  all  three  off-diagonal  elements  is  considered), 

^(■^2  +  •S23  +  ^3l)  ^  ^r('^n^22  ‘^2*^33  "*■ 


This  expression  can  be  rewritten  using  a  simple  algebraic  treatment  as  follows, 

+  -Sjj  +  ^  Vr(5i^i  +  ^2 + ^3) + 2 

Combining  the  terras  which  contain  the  strain  rate  tensor  and  substituting  the  definition  |5|  —  (25^5^)^ 
yields 


(40) 


Finally,  the  upper  and  the  lower  bounds  for  c,  are  obtained  by  the  substitution  of  the  definition  for  Vj. : 


(41) 


The  two  conditions,  (37)  and  (41),  give  the  realizable  range  for  the  dynamically  determined  model 
coefficient  c,.  The  model  coefficient  c,  should,  therefore,  faU  inside  this  range  for  the  LDKSGS  model 


to  become  s  realizable  model  of  the  SOS  stress.  Unfortunately,  ft  is  difficult  to  analytically  prove  that 
these  realizability  condiUons  hold  for  the  LDKSGS  model.  Numerical  experiments  are  the  only  feasible 
way  to  prove  these  realizability  condiUons.  Decaying  isotropic  turbulence  (the  detailed  desctipUon  of 
this  flow  field  will  be  presented  in  the  secUon  4.2)  is  used  for  the  numerical  verification.  It  is  observed 
that  more  than  99.9%  (for  the  48’  grid  resoluUon).  99.8%  (for  the  32’  grid  resoluUon),  and  99.6%  (for 
the  24’  grid  resoluUon)  of  the  grid  points  satisfy  both  the  realizability  condiUons,  (37)  and  (41),  at  the 
same  time  during  the  enUre  simulaUon.  Iherefore,  it  can  be  said  that  the  LDKSGS  model  saUsfies  the 
lealizability  condiUons  even  in  a  strict  sense.  However,  this  statement  may  not  be  true  for  other  types  of 
flow  fields,  especially,  when  the  model  is  applied  to  complex,  high  Reynolds  number  flows.  In  that  case, 
it  is  that  both  the  tealizabUity  condiUons  given  by  (37)  and  (41)  be  adopted  as  constraints 

for  the  dynamically  detennined  model  coefficient.  This  will  ensure  a  mote  realizable  and  stable 
in.pt.m„.nirion  of  the  dynamic  model.  Ghosal «  a/.  (1995)  reported  that  the  DLM(t)  model  satisfies 
the  tealizabUity  condiUon  at  about  95%  of  the  grid  points  for  the  simulaUon  of  decaying  isouopic 
turbulence  using  a  48’  grid  resoluUon.  Thus,  it  appears  that,  unlike  the  present  LDKSGS  model,  the 
DLM(k)  is  not  quite  teaUzable  even  for  a  simple  isotropic  turbulence.  FurUietmore,  to  examme  the 
realizability,  they  used  only  the  condiUon  (37).  According  to  our  numerical  experiments,  the  satisfacUon 
of  the  condiUon  (37)  does  not  automaUcally  guarantee  the  saUsfacUon  of  the  condiUon  (41).  For 
definite  tealizabUity,  both  condiUons,  (37)  and  (41).  should  be  used  for  accurate  veriflcaUon. 

3.  Numerical  method 

To  date,  most  reliable  simulaUotis  of  turbulent  flows  have  been  performed  using  spectral  methods 
of  their  extremely  high  accuracy.  However,  spectral  methods  are  relaUvely  compUcated  and, 
moreover,  they  cannot  be  used  for  simulaUons  of  flows  in  complex  geometry.  For  complex  flows, 
numerical  methods  defined  in  the  physical  space  like  flniteHiifference  methods  (FDM)  and  finite-volume 
methods  (FVM)  ate  more  appropriate.  The  major  shortcoming  of  these  physical  space  methods  is  that 
their  accuracy  is  inadequate  for  mrbulence  simulaUons.  Rai  and  Moin  (1991)  suggested  a  high-order 
accurate,  upwind-biased  finite-difference  method  as  a  good  candidate  for  highly  accurate  stmulauons  of 
turbulent  flows  associated  with  complex  geometry.  Hieir  approach  used  a  non-conservaUve  form  of  the 


unsieady,  incompressMe  Navier-Stolces  equations.  (1)  and  (2),  and,  hence,  tt  is  appropnate  only  tor 
atauladons  of  flow  fields  widtou,  discondnuifles  (U..  it  can  be  applied  to  sintulations  of  most 
incompressible  flow  fields  and  some  compressible  flow  fields  which  do  not  inciude  eddy-shocklets).  The 
present  study  is  limimd  to  such  flows  and,  themfom,  a  sitnilar  methodoiogy  is  «lopted  here.  Similar  to 
Rai  and  Moin  (1991),  the  convective  terms  are  approiimated  usmg  fifdwtrder-acctirate,  upwmd  biased 
finiteqlifferences  with  a  seven-point  stenciL  For  example,  me  first  term  in  the  «-momentum  equation, 
is  evaluated  as  (in  the  following,  the  filtering  operator  v  is  dropped  for  simplicity); 


-120(«)i.,^jb  +30(«U,.jb  -4(«  W)/  120A 


(42a) 


if(«)i,a>0,and 


- 40(M)i: a  - 60(«)*.gji  +  6(M)i.2jjk) /  120A 


(42b) 


if  (a)^,<0,  on  a  uniform  grid.  Here,  subscript  a  indicates  differenfiation  with  respect  to  a.  The 

^ailg  convective  terms  ate  evaluated  in  a  simaar  manner.  The  viscous  terms  are  computed  using 
central  differences.  By  applying  the  fourth-order-accurate,  half-points  differencing,  the  first  viscous 
term  in  the  u-momentum  equaUon,  J’  **  “ 

((VM, ),)ijjb  *  (-(VMa )i*3/2JJk  +  21(yuXinj*  (43) 

-  21(yuXinj*  +  (v«,)w/2j\t)  I  24A 


Also,  u,  which  is  defined 
diffaence  given  as 


at  the  half-points  is  computed  using  the  same  fourth-order-accurate  finite- 


(«a)w/2J^  =  +  27(«)j+i,;,t 

-27(«)ijji  +  («W)'24A 


As  shown,  the  discretization  of  the  viscous  terms  (the  second  derivatives)  uses  seven  grid  points,  hence, 
the  viscous  terms  are  approximated  to  sixth-order  accuracy  on  uniform  grids.  The  physical  time 
derivatives  in  the  momentum  equations  are  differenced  using  a  second-order  backward-difference 

formula. 


(45) 

2Ar 

where  the  superscript  n  denotes  the  quantities  at  the  physical  time  level  n  and  ’Res*  represents  the 
residual  in  the  momentum  equations.  Note  that,  in  this  study,  a  non-staggered  grid  is  used  with  the 

velocities  and  the  pressure  defined  at  the  grid  points. 

For  incompressible  flows,  the  continuity  equation  (3«,/ 3x^  =  0)  is  essentially  a  time  independent 
velocity  constraint  imposed  on  the  momentum  equations.  This  means  that  the  system  of  mcorapressiMe 
Navier-Stokes  equations  possesses  a  singularity  in  time  which  makes  the  wen.developed  methods  for 
the  computation  of  compressible  Hows  inefficient  for  the  incompressible  case.  Tltis  singularity  is 
removed  in  the  present  study  by  introducing  the  method  of  artificial  compressibility,  originally  proposed 
by  Chotin  (1967).  In  this  approach,  a  pseudo-time  derivative  of  the  pressure  is  added  to  the  continuity 

equation  msking  the  resulting  equation  hyperbolic, 

1  dp  ^  duj  _  Q  (46) 

P*  dx 

where  P  is  a  prescribed  parameter,  which  correspond  to  an  artificial  speed  of  sound,  with  a  typical 
value  of  5  to  10  as  used  by  many  researchers  and  x  is  the  pseudo-time  variable  which  is  not  related  to 
the  physical  time  r.  The  time-accurate  solution  capability  is  obtained  by  adding  pseudo-time  veloaty 
derivatives  to  the  momentum  equations  (e.g.,  Rogers  «  a/..  1991).  In  this  unsteady  formulation,  the 
governing  equations  are  marched  in  the  pseudo-time  (i.e.,  subiterated)  until  the  divergence-free  flow 
field  is  obtained.  Therefore,  the  artificial  compressibility  does  not  corrupt  the  physical  time  soluuon  as 
long  as  the  pseudo-time  solution  converges  to  a  steady  state  at  each  physical  time  level. 


The  integration  in  the  pseudo-time  is  carried  out  by  an  explicit  method  based  on  a  Runge-Kutta  time¬ 
stepping  scheme.  A  5-stage  scheme  was  employed  with  the  coefficients  (0.059, 0.145, 0.273, 0.5, 1.0). 
Local  time-stepping  (in  the  pseudo-time),  determmed  by  the  local  stability  limit,  is  also  adopted  to 
accelerate  the  convergence  to  a  steady-state  solution.  A  significant  improvement  in  convergence  is 
achieved  by  incorporating  the  full  approximation  scheme  (FAS)  multigrid  method  proposed  by  Brandt 
(1981).  Detaas  of  the  multigrid  algorithm  is  given  by  Brandt  (1981)  and  is  omitted  here  for  brevity. 

In  practice,  a  solution  is  considered  converged  if  the  root-mean-square  of  the  pressure  and  velocity 
changes  decrease  less  than  IQ-"  since,  in  most  cases,  further  iterations  to  reduce  these  quantities  do  not 
noticeably  change  the  solution.  Both  the  eddy  viscosity  and  the  model  coefficients  are  computed  at  each 
pseudo-time  step.  Usually,  the  model  coefficients  adjust  themselves  quickly  and  remain  almost  constant 

during  pseudo-time  iterations. 

The  code  used  in  this  study  was  validated  earlier  (Menon  and  Yeung,  1994)  by  carrying  out  direct 
numerical  simulations  of  decaying  isotropic  turbulence  and  comparing  the  resulting  statisucs  with  the 
predictions  of  a  well-known  pseudo-spectral  code  (Rogallo,  1981).  Further  validation  of  this  code  is 
demonstrated  in  this  paper  by  comparison  with  experiments  as  shown  in  section  4.2. 


4.  Results  and  Discussion 


The  proposed  LDKSOS  model  has  been  applied  to  Taylor-Green  vortei  flow  (secuon  4.1),  and 
decaying  (section  4.2)  and  forced  (section  4.3)  isotropic  turbnlence.  Due  to  their  inheient  simplicity, 
these  flows  are  considered  necessary  test  flows  where  the  properties  of  the  SGS  models  can  be 
investigated  in  detail.  The  behavior  of  the  LDKSGS  model  near  solid  walls  and  for  anisotropic  grids  is 
currently  being  investigated  and  will  be  reported  in  the  near  future. 

4.1.  Taylor-Green  vortex  flow 

To  investigate  the  properties  of  SGS  models,  one  popular  approach  is  to  compare  the  predicted  LES 
results  with  the  results  of  DNS  predictions.  However,  since  DNS  require  a  significant  amount  of 
computer  resources  (both  memory  and  execution  time),  it  can  be  applied  only  to  a  limtted  low  range  of 
Reynolds  numbers.  This  Reynolds  number  range  can  be  increased  by  Emulating  a  flow  that  has  spatial 
symmenies  (which  are  preserved  in  time  as  the  flow  evolves),  because  the  infoimation  in  a  fractional 
part  of  the  periodic  box  is  sufficient  to  describe  the  whole  flow  field  irting  these  symmetries.  This  idea 
was  exploited  by  Brachet  «  al.  (1983)  who  simulaled  a  Taylor-Green  vortex  flow  and  reduced  the 
necessary  memory  by  1/64  compared  to  that  required  for  a  general  non-symmetric  periodic  flow.  In  this 
study,  simulation  in  the  so-called  impermeable  box  (0  S  x,y,z  S  it )  of  the  Taylor-Green  vortex  flow  is 

carried  out  The  flow  field  develops  from  the  initial  condition, 

u  =  sin(jc)cos(y)cos(z) 

V  = --cos(x)sin(y)cos(z). 
w  =  0 


At  time  r  =  0,  the  flow  is  two-dimensional  but  becomes  three-dimensional  for  aU  times  r  >  0 .  This  flow 
is  considered  a  simple  flow  field  in  which  the  generation  of  small  scales  and  the  resulting  turbulence  can 


be  studied. 


In  this  study,  an  effectively  128’  DNS  in  a  2)t-liox  (actuaDy  simulated  using  the  64’  grid  tesoluUon  in  a 
s-box)  has  been  earned  out.  The  results  are  then  used  to  evaluate  LES  ptedicUons  (obtained  using 
coarse  grid  resolutions).  Figure  1  shows  the  unsealed  energy  and  dissipation  spectra  of  the  128’  DNS 
data  at  t=29.  At  this  time,  turbulence  is  weil  developed  and  no  energy  is  left  m  the  range  of 
wavenumbers  *  S 1.  Hie  Taylor  microscale  Reynolds  number  Re^  is  approximately  32.  We  obtain  a 
value  of  about  1.5  for  the  Kolmogorov  constant,  C, .  Hiis  value  of  C,  is  in  a  good  agreement  with  the 
value  obtained  from  experiments  at  high  Reynolds  number  (Monin  and  Yaglom,  1975),  however,  it  is  a 
(han  the  values  determined  directly  from  spectra  in  the  high  resolution  DNS  (e.g.,  Vincent  and 
Meneguizzi,  1991)  which  estimate  Cj  to  be  around  2.  In  the  range  of  wave  numbers  t  £  10,  the  energy 
spectrum  conforms  to  the  inertial  f*  law  with  the  dissipation  spectrum  having  a  peak  at  *  - 10.  At  this 
resolution  and  for  the  chosen  molecular  viscosity  v  =  0.001,  the  energy  containing  range  and  the 
dissipation  range  have  a  signifleant  overlap  (at  very  high  Reynolds  number,  the  energy  and  dissipation 
range  should  be  widely  separated).  However,  the  present  result  is  simUar  to  the  results  of  Domaradzki 
«  al.  (1993)  which  was  obtained  at  Re^  -70.  Hietefote,  the  Reynolds  number  used  in  the  present 

simulation  belongs  to  the  range  where  the  Reynolds  number  is  just  high  enough  to  capture  the 
of  tile  inertial  range  dynamics  but  too  low  to  separate  it  from  the  effects  of  the  dissipation 

range  dynamics,  as  claimed  by  Domaradzki  et  cl,  (1993). 

Hgures  2  and  3  show  the  energy  spectra  of  the  64’  and  32’  LES,  respectively,  which  are  compared 
with  the  energy  spectra  of  the  128’  DNS  and  the  filtered  128’  DNS  (filtering  was  performed  using  the 
top-hat  filter)  at  r  =  29.  All  LES  (using  the  LDKSGS  model,  the  volume-averaged  DKSGS  model  and 
the  volume-averaged  DASGS  model)  are  performed  by  first  filtering  the  128’  DNS  flow  field  down  to 
the  IBS  resolution  using  the  top-hat  filter  at  r =9  (at  which  time  turbulence  starts  to  decay  by  the 
viscous  damping  and  realistic  mrbulence  is  about  to  develop).  Thus,  at  r  =  9,  all  flow  variables  (e.g., 
velocities  and  pressure)  are  highly  correlated  with  the  DNS  data  in  the  physical  space.  However,  as 
observed  in  other  studies,  the  subsequent  evolution  of  the  flow  field  in  the  LES  becomes  uncoirelated 
with  the  DNS  data.  Therefore,  point-to-point  cottelation  between  the  data  resulted  from  DNS  and 
those  predicted  by  IBS  is  not  expected  to  be  high.  However,  if  the  dynamic  models  guarantee  the 
accurate  prediction  of  the  turbulent  energy  transfer,  then  tt  is  expected  that  the  energy  spectra 


computed  from  DNS  and  LES  wfll  be  closely  located.  This  is  clearly  observed  in  figures  2  and  3.  A 
more  interesting  observation  obtained  from  these  figures  is  that  the  LES  energy  spectra  are  closer  to  the 
fflteied  128^  DNS  spectrum  than  the  128^  DNS  energy  spectrum  itself.  The  difference  (at  the 
wavenumber  range  below  the  cut-off  wavenumber,  k^)  between  the  128’  DNS  data  and  the  filtered 
128’  DNS  data  is  the  result  of  using  the  top-hat  filter  which  yields  a  significant  contribution  to  the 
subgrid-scale  energy  from  the  lower  wavenumbers  than  (when  the  Fourier  cut-off  filter  is  employed, 
the  subgrid-scale  energy  is  entirely  due  to  the  higher  wavenumbers  than  K).  Therefore,  it  is  consistent 
that  the  LES  data  compare  weU  with  the  filtered  DNS  data  since  the  LES  performed  by  the  current 
FDM  code  is  impUcidy  adopting  the  top-hat  filter  in  the  numerical  implementation.  It  can  be  deduced 
from  this  observation  that  a  more  meaningful  comparison  between  LES  predictions  and  DNS  data  can 
be  achieved  by  filtering  DNS  data  down  to  the  same  resolution  as  LES. 


Although  in  this  study,  some  information  from  the  spectral  space  (e.g.,  energy  spectrum)  is  used  for 
comparison  purposes,  in  most  cases,  the  analysis  of  the  properties  of  the  proposed  LDKSGS  model  will 
be  carried  out  in  the  physical  space.  To  determine  whether  the  SGS  stress  tensors  m  consecutive 
resolutions  (e.g.,  64’  and  32’)  have  some  similarity  (which  is  the  basic  assmnption  adoyd  in  the 

I  ?u.  ?u  3u.  du:  I.  . 
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dynamic  models  using  two  filter  levels),  the  ratio  of  the  dissipation  rate  (D  =  v 

the  production  rate  (P  s  of  the  SGS  kinetic  energy,  (D/P),  is  investigated.  This  rauo  is 

expected  to  characterize  the  energy  cascade  mechanism  inside  the  range  of  scales  bracketed  by  these 
two  energy  transfers  (the  dissipation  and  production  of  the  SGS  kinetic  energy).  Furthermore,  this 
energy  cascade  mechanism  uniquely  determines  the  property  of  the  corresponding  SGS  stress  tensor. 
Hierefore,  (D/P)  is  an  appropriate  parameter  to  investigate  the  existence  of  similarity  m  consecuuve 
resolutions.  Figure  4  shows  the  time  evolution  of  iP/P)  at  three  different  resolutions  (64’,  32’  and  16  ) 
as  computed  from  the  128’  DNS  data.  As  noted  earUer,  the  inertial  range  dynamics  are  not  separated 
from  the  effects  of  the  dissipation  range  dynamics,  hence,  the  value  of  (D/P)  is  not  equal  to  unity  even 
in  the  inertial  range.  It  is  observed  that  the  amilarity  of  (D/P)  exists  between  32  and  16  grid 
resolutions  (i.e.,  the  (D/P)  predictions  from  DNS  data  for  these  grid  resolutions  remain  approximately 
same)  while  the  similarity  of  (D/P)  between  64’  and  32’  grid  resolutions  appears  to  be  nonexistent. 


especially,  as  time  evoives.  CThe  rapid  change  of  (Z)/P)  in  the  64’  grid  resolution  occurs  since  ali  iength 
scales,  including  the  Kolmogorov  dissipation  length  scale,  grow  as  the  turbulent  kinetic  energy  decays. 
Tberefore.  the  64’  grid  resolutton  becomes  to  lie  under  a  larger  influence  of  the  Kolmogorov 
length  scale  and  shows  a  higher  (D/P)  ratio.)  Thus,  the  similarity  of  the  SOS  stresses  in 
ecosecutive  resoluUons  is  not  guaranteed  for  the  64’  grid  resoluUon.  nterefore,  the  dynamic  model  in 
the  64’  LES  (which  uses  the  32’  grid  nesoluUon  as  a  test  filter  level)  may  result  in  the  reduced 

accuracy.  This  will  be  demonstrated  in  the  following  figures. 

To  evaluate  the  perfonnance  of  the  SGS  models,  the  time  evolution  of  the  velocity  derivative  (here,  we 
use  aw/ar)  skewness  S  and  flatness  F  factors  computed  from  DNS  and  LES  data  are  compared.  Since 
the  statistics  of  velodty  derivative  are  the  property  of  the  relatively  small  scales,  which  are  available  in 
the  coiiesponding  grid  resolution,  the  comparison  between  DNS  and  LES  data  should  be  performed  at 
the  same  grid  resolution.  That  is,  before  comparing  statistics,  DNS  data  should  be  filtered  down  to  the 
same  grid  resolution  as  the  LES.  Usually,  the  velocity  derivative  statistics  ate  considered  smct 
standards  for  LES  to  match  because  they  are  determined  by  the  smaH  scales  existing  at  that  grid 
resolution  and  the  small  scales  are  largely  dependent  on  the  SGS  model  employed.  Therefore,  these 
statistics  can  be  a  direct  measure  of  a  quality  of  the  SGS  model,  nie  skewness  and  flatness  are  defined 

as  follows: 


{{dw/dzf) 

^{dw/dzf^^ 

(idw/dz)*) 

((,dw/dzf) 


(48a) 


(48b) 


Note  that,  here  <■>  denotes  ensemble-averaging  instead  of  test-filtering.  Rgures  5  and  6  show, 
respectively,  the  time  evolution  of  skewness  and  flatness  at  the  64’  grid  resolution.  This  grid  resolution 
has  the  cut-off  wave  number  at  k  -  30  which  is  located  inride  the  dissipation  range  (see  figure  1).  Thus, 
for  simulations  using  this  grid  re«>lution,  the  role  of  the  SGS  models  is  not  important  since  a  significant 


range  of  dissipation  scales  is  resoived  by  the  grid  resolution.  Without  indicating  any  obvious  superionty, 
all  dynamic  SGS  models  contribute  in  a  favorable  manner  since  the  low  resoluUon  siroulauons 
«lequately  reproduce  the  higher  resolutiou  results.  It  can  be  seen  from  both  figures  that  the  curves  for 
64>  LES  are  always  located  between  the  curves  for  the  128>  and  64>  DNS.  Afi  the  IBS  results  begin 
to  deviate  from  the  filtered  128’  DNS  results  at  t  -  21  (this  is  approximately  the  same  time  when  the 
32’  (p/F)  curve  starts  to  largely  deviate  from  the  64’  {DfP)  curve  in  figure  4).  Also  after  t  21,  the 
64’  DNS  results  deviate  from  the  filtered  128’  DNS  results  due  to  the  following  reason.  In  the  64’ 
DNS.  the  Kolmogorov  dissipation  length  scale  is  not  fully  resolved  and,  hence,  the  turbulent  energy  is 
underniissipated.  As  a  result,  the  influence  of  the  Kolmogorov  dissipation  length  scale  growth  is  not 
properly  included  in  the  64’  DNS  even  when  this  length  scale  becomes  comparable  to  the  64’  grid 

lesolution  in  the  128^  DNS. 

In  figures  7  and  8,  the  modeled  production  and  dissipation  rates  of  k,„  using  the  64’  LES  are  compared 

to  the  exact  values  computed  from  DNS  data.  While  the  production  rates  are  reasonably  approximated 
by  both  models,  there  is  relatively  poor  agreement  between  the  exact  and  the  modeled  dissipation  rates 
(as  mentioned  earlier,  the  poor  prediction  of  the  dissipation  rate  is  caused  by  an  inappropriate  use  of  A 
as  a  length  scale).  As  time  evolves,  the  decay  of  the  dissipation  rate  of  (the  slope  of  D  in  figure  8) 

computed  from  the  128’  DNS  becomes  less  steeper  since  the  Kolmogorov  dissipation  length  scale 
grows  and  becomes  comparable  to  the  characteristic  length  scale  of  the  dissipation  rate  of 

However,  the  effect  of  the  Kolmogorov  dissipation  length  scale  growth  is  not  property  accounted  for  in 
the  dissipation  rate  computed  from  both  models.  As  a  result,  the  difference  between  the  exact  and  the 
modeled  dissipation  rates  becomes  mote  amplified  after  i  - 19.  Hie  decay  of  the  production  rate  of 

(the  slope  of  f>  in  figure  8)  computed  from  the  128’  DNS  also  becomes  less  steeper  after  i-24 
that  the  Kolmogorov  dissipation  length  scale  becomes  comparable  to  the  characteristic  length 
scale  of  the  production  rate  of  This  fact  can  be  considered  a  tough  proof  for  the  existence  of  the 

scale  separation  between  the  length  scales  characteriaing  the  production  rate  and  the  dissipation  rate  of 

Jt 


Rgures  9  and  10  show,  respectively,  the  velocity  derivative  skewness  and  flatness  computed  from  the 
32*  LES  and  the  filtered  128’  DNS.  There  is  now  a  clear  difference  in  the  results  of  the  different 
Stbgrid-scale  models;  the  one-equation  models  (both  the  volume-averaged  DKSGS  model  and  the 
LDKSGS  model)  are  behaving  beuer  than  the  algebraic  model  More  interesdngly,  it  can  be  seen  that 
me  locdiaed  dynamic  model  predicts  a  more  accurate  flow  field  than  the  volume-averaged  dynamtc 
model  According  to  these  figures,  an  overall  agreement  between  DNS  and  1£S  results  (even  the  most 

.ecuratelBSresultsusingtheUTKSGSmodellbecomesnoticeablywors^  ' 

case  However,  it  should  be  noted  that  a  (somewhat)  poor  prediction  of  the  velocity  derivadve  suusucs 
by  li S  does  not  necessarily  mean  that  the  velocity  staUsUcs  are  also  poorly  predicted.  Hus  tssue  wdl 
be  addressed  in  more  detail  in  section  4.3. 

Figures  11  and  12  show,  respecUvely,  the  exact  and  the  modeled  production  and  dissipation  rates  of 
at  the  32’  grid  resolution.  From  the  comparison  wid,  the  64’  grid  resolution  (figures  7  and  8).  it  can  be 
observed  that  the  LES  prediction  of  the  production  rate  becomes  worse  as  the  grid  resolution  becomes 
coarse.  However,  the  dissipation  rate  is  rather  well  predicted  at  the  coarser  grid  resolution.  In  both  grid 
Elutions,  me  LDKSGS  model  shows  an  improved  predMon  of  the  dissipation  rate  from  the  volume- 
averaged  DKSGS  model  predictions.  This  improvement  seems  to  originate  from  the  fact  that,  m  the 
LDKSGS  model  the  local  turbulent  intermittency  effects  can  be  retained  by  not  employing  spatial 
averaging.  Since  the  dissipation  mechanism  is  dominated  by  the  scales  smaller  than  the  scales 
characterizing  the  production,  it  has  a  higher  level  of  intermittency  than  the  production  mechanism. 
Therefore,  the  LDKSGS  model  improves  the  prediction  of  the  dissipation  more  noticeably. 

Hgures  13  and  14  show  the  temporal  variation  of  the  dynamically  determined  coefficients.  In  the  acmal 
of  the  LDKSGS  model  the  local  values  of  the  coefficients  are  resed.  However,  to  sunphfi, 
me  comparison,  the  volume-averaged  values  are  shown  in  figures  13  and  14.  It  is  obsenred  during  tite 
that  the  model  coefficients  can  tecome  negative  even  in  volume-avemged  values.  In  the 
using  the  dynamic  one-«,uation  models  (the  volume-avemged  DKSGS  model  and  the  LDKSGS 
model),  negative  coefficients  (i.e.  c.  <  0  and  c.  <  0)  do  not  cause  numerical  instabdtty  (we  have  s  o-™ 
in  section  2.4  fltat  the  LDKSGS  model  is  realizable  even  when  c,  <0).  However,  the  IXS  usmg  the 


volume-averaged  DASGS  model  sometimes  becomes  unstable  when  c,<0  (Lund  «  al.,  1993). 
T^emfora.  the  DASGS  model  is  constrained  to  have  non-negative  coefficients  (as  shown  at  the  aer. 
^  fia;  mgion  of  c,-plo.  in  figura  13).  When  the  model  coefficients  Income  negauve  (e.g..c.  <0 

.„d  c  <0).  Ute  model  pmdicts  bacltscaners.  To  correctly  model  flus  backscatter,  we  requue 

Wontiation  about  Ute  energy  contairmd  in  Ute  subgrid-scale.  Thus,  when  dm  ».bgnd  kineuc  energy 
hackscaners  should  vanish  This  is  automatically  satisfied  with  one^uation  models  smce  dte 
eddy  viscosity  is  modeled  in  mrms  of  the  subgrid  Idneric  energy;  however,  in  the  algebrarc  J  I 

I^Lartera  may  occur(duetoc.<0)even  When  thereisnoe^rgyleftin  me  subgrid 

ra^ulting  in  numerics.  instabUity.  Another  interesting  obseraarion  from  figures  13  and  14  .  mat  me 
c^fficfent  computed  using  me  LDKSGS  mode,  is  usuafiy  smaller  in  magnimde  man  me  cc^toen 
compumd  using  me  volume-averaged  DKSGS  model.  The  dissiparion  model  ^ 

LDKSGS  model  is  mom  sensirive  m  a  grid  msolurion  change  man  mat  of  me  volume-averaged  DKSGS 

modeL 


4.2.  Decaying  isotropic  turbulence 

T,e  experiment  of  decaying  isotropic  mritulence  of  Comm-BeUot  and  Corsin  (1971)  is  simulated  to 
demonstrate  the  capability  of  me  LDKSGS  model  in  predicting  me  decay  of  the  "  ^ 

corner  reasonformistestismcomparemeresulmwimmoseofGhosalernrsDmrnm^ 

vdrich  is  me  only  omer  existing  localised  dynamic  mode.  formuUmd  wimout  employing  rite  nri  h. 
(averaging,  procedure.  They  simuUmd  mis  experiment  using  bom  32’  and  48’  grid  msoluuons. 

pmdictingmeenergydecayingrate.agood  agreement  wimmeexperirnent^ 

......  ..I  looxt  However  relatively  poor  results  were  obtamea 

48’ grid  resolution  (see  figure  1  in  Ghosaleru/.,  1995).  However,  leiau  yp 

a  32’  grid  reflation  (see  figure  1  in  Ghosal  e,  ul..  1993).  This  made  mem  conclude  mat  me  48 
gfid  resolurion  Is  me  smallest  possible  resolurion  for  I^S  since  me  32’  grid  resolurion  is  no.  firily 
consismnt  wim  me  basic  assumprion  of  S  mat  me  resolved  scales  should  conrain  most  of  me  ener^^ 
TO  invesrigam  mis  issue,  we  compumd  me  msolved  energy  a.  each  grid  resolurion  by  numencafiy 
migrating  rire  specrium  given  by  Com.-Bello.  &  Corsin(1971)  l.™een  wavenum^.  -o  to  ^ 
maximum  wavenumber  resolved  by  me  grid  resolurion,  The  results  are  summarrred  m  2. 


A  nn  'Kf’L  of  the  total  turbulent  kinetic  energy, 

.  ,™  M,d  48’  grid  lesolutions  resolve  59.3%  and  70.3%  of  the  torn 

shown,  32  and  48  g  consistent  with  the  baste 

•  1  ctrirtiv  sneaking,  both  resoluuons  are,  theretore, 

respecuvely.  Stneuy  speaKing,  f  onArav^ontaining  eddies  resides 

o  t  E!  For  these  grid  resolutions,  a  sigraficant  nmnber  of  energy-containing  eo 
„onofLES.ForO,eseg  _  _  „  „«h  more  iniporiant  Uterefore. 

to  toe  unresolved  scales  and  the  quality  of  the  SGS  model  bee 

•  Ant  Asneciallv  using  the  grid  resolution  coarser  titan  48  (i.e.,  when  tn 

the  simulafion  of  this  experiment  especially  using  ui  gi 

•  on*  than  30%  of  total  turbulent  kinetic  energy)  is  a  good  test  case  to 
toibgrid  scales  contam  more  than  30%  of  total 

toe  quality  of  the  SGS  model.  For  this  purpose,  three  grid  resoluuons  (48 , 32  .  and 
fte  large-eddy  simulations  implemented  here. 

:;=r.-=.T--r==~ 

Kcynolds  number  based  on  the  Taylor  ^  ^  stoUon,. 

yi.b  and  187.9  (these  values  decreased  to  60.7  and  135.7, 

Using  the  assumption  of  a  constant  mean  veloaty  across  proportional  to 

velocity.  The  size  of  the  box  IS  Chosen  I  s  m  he  realistic  even  after 

h  lence  The  properties  of  turbulence  inside  toe  box  are  beUe 

turbulence.  The  siausuivcu  y  i>  .ah  A-mArimental  data  is 

^plying  periodic  boundary  condition  to  the  wind-ninnel 

— d  by  the  reference  ^  ^  _tonce.  (By  this 

f*  s2.13,  4-98  and  8.69,  respectively.) 

re  hac  nf  the  velocity  Fourier  modes)  is  chosen  to  match  the 
The  initial  velocity  field  (primarily  the  amplitudes  of  ty 

u  •  rt  ot  the  first  exoerimental  measuring  stauon.  The  phases  oi 


taidal  p^ssure  is  ^sumed  to  te  uniform  thmughout  the  flow  field  and  the  inifial  SGS  kinetic  energy  is 
„„ghly  estintamd  by  assuming  ti«  similarity  bemeen  tl«  SGS  kinetic  energy  and  the  resolved  energy  at 

tiie  test  filter  level,  Le., 


(49) 


where  a  constant  c.  is  determined  by  matching  the  magnitude  of  the  SGS  kinetic  energy  to  the  exact 

SGS  kinetic  en»gy  calcuUmd  by  inmgrating  Ute  exprrimental  spectrum  at  tite  first  measuring  smtion. 

an  Situations  where  the  information  about  the  magnitude  of  tite  exact  S^kh^c 
a  value  of  c.  given  by  Uu  e,  al  (1994)  for  the  stiess-similariC-  model,  u,u,  -uft  =  c.((u,u,)-u,u,).  can 

be  used;  fltat  is  c.  =  0.45±  0.15.  Ihe  initial  SGS  kinetic  e.«rgy  can  be  estimated  more  consismntiy  witi, 
the  dynamic  procedure  by  adopting  the  similarity  concept  used  in  the  dynamic  procedure.  Hus 
formulation  is  presenmd  in  app^dix  B.)  Altitough  tite  above  procedure  generating  the  initial  condmon 
looks  reasonable,  the  initial  turbulent  field  generated  by  it  may  not  be  sufficiently  leahsuc.  Carat,  er  o  . 
a«)3)  suggesmd  titat  a  practical  way  to  make  the  initial  field  mom  malistic.  is  to  let  the  flow  evolve  for 
a  few  physical  time  smps  and  dten  multiply  all  Fourier  modes  by  an  appropriam  mal  number  to  scale  the 
velocity  field  to  consismnt  witi,  ti,e  expcrimenml  spectrum.  This  additional  pmcedum  for  mttial 
eonditions  ensums  timt  ti,e  randomly  chomn  phase  infonnation,  U,e  pmssure  and  U.e  SGS  kmetic 
energy  becomes  more  realistic.  ThU  procedure  is  also  adopted  in  this  study. 

Raure  15  shows  ti,e  decay  of  tite  resolved  turbulent  kinetic  energy  compured  using  the  U.KSGS  model 
at  three  grid  resolutions.  48’,  32’.  and  24’.  The  result  are  compared  with  the  predtctions  of  the 
volume-avereged  DASGS  model  at  the  48’  grid  resolution  and  the  experimenml  data  of  Comte-Bellot 
and  Corein  (1971).  The  predictions  of  both  models  (at  the  48’  grid  resolution)  are  in  good  agreement 
With  the  experiment  As  is  weU  known  (Huang  and  Uonard,  1994).  the  turbulent  kinetic  energy 
und^oes  a  power  law  decay,  he..  E  -  (.‘r.  tite  asympmtic  self-sunilar  regime.  The  expenmenul 
aata  roughly  confirms  the  extsrence  of  tite  power  law  by  lying  on  a  suaigW  line  on  a  log-log  plot  Hte 
^cay  exponent  n  is  obuined  from  a  least-sauare  fit  to  each  dam  as  given  in  table  2.  The  value  of  n 
prudicred  by  the  DLM(k)  is  used  as  given  in  Carati  «  ul.  (1995).  (Actually,  n  =  -1.28  was  gtven  or  e 


DLM(«  in  Carali  el  at.  (1995).  However,  this  value  seems  to  be  nuspnnted  by  acadentally  switching 
with  the  value  for  their  stochastic  dynamic  localkatton  model  since  the  energy  decay  plot  m  their  paper 
Clearly  shows  that  the  decay  predicted  by  the  DLM(«  is  slower  than  that  of  the  stochasUc  dynamic 
localizadon  model.)  Hiese  msults  confirm  the  agreement  between  the  predicdons  of  IMS  and  the 
e,q»,iment  More  toportanUy,  the  results  of  the  LDKSGS  model  at  all  three  grid  resoludons  used 
(even  for  the  24’  grid  resoluUon  where  about  a  half  of  the  turbulent  Idneac  energy  is  no.  resolved) 
show  consistency  in  predicfing  die  energy  decay.  TOs  propeny  of  the  model  is  a  fascinating  feature 
especiaUy  when  die  modei  is  (to  be)  applied  to  complex  and  high  Reynolds  number  flows  where  a 
significant  amount  of  turbulent  energy  possibly  lies  in  the  unresolved  scales.  Without  a  self  consistent 
behavior,  the  SGS  model  can  not  simulate  high  Reynolds  number  flows  in  complex  geometries  reUably. 
Tberefore.  die  proposed  LDKSGS  model  seems  to  have  a  promising  potendal  for  appUcation  to 

complex,  high-Reynolds  number  flows. 

■me  computed  and  experimental  three-dimensional  energy  spectra  resolved  at  die  three  different  grid 
resolodons,  48’.  32’  and  24’,  are  shown  in  figures  16  (at  i‘  =  4.98)  and  17  (at  r  =  8.69).  Both  of  the 
LDKSGS  and  volume-averaged  DASGS  models  predict  die  specua  reasonably  well.  Especially,  the 
LDKSGS  model  predict  die  spectra  consistendy  well  tor  all  three  grid  resoludons.  Some  discrepancy 
beween  die  experimental  and  LES-predicted  energy  spectra  is  observed  around  die  cut-off 
wavenumber.  TOs  discrepancy  is  due  to  the  fact  that  the  FDM  code  used  in  dns  smdy  implicidy  adopte 
dte  top-ha.  filter  for  te  discreUaed  numerical  implementadon,  as  explained  in  secdon  4.1  (see  figures  2 
„d  3)  Direct  comparison  beween  experimentel  and  LES-predicted  energy  specua  is  meaningful  only 
When  die  full-resoludon  experimentel  flow  file)  is  filtered  down  to  die  S  grid  resoludon  to  compare 
.sing  die  tep-ha.  filter  (to  be  more  consistent,  die  inidal  flow  field  for  lES  also  should  M  obtemed 

ftom  ihe  experimental  flow  field  using  the  top-hat  filter). 

RguiBS  18  and  19  show  the  time  evolution  of  the  model  coefficient  c,  and  the  dissipation  model 
coefficient  c,.  respectively  Oocally  evaluated  coefficiente  are  volume-averaged  for  quantiutive 
presentetion).  Even  diough  a  seemingly  reasonable  mediod  to  generete  die  realistic  initial  velociQ-  Md 
qescrilted  earUer  vm  employed,  die  coefficient  (bod,  c,  and  c.)  remain  smali  for  an  imual  penod  o 


time  during  which  the  more  realistic  turbulent  fields  develop.  However,  the  final  results  appear  to  be 
not  much  affected  by  this  initial  evolution  period.  It  can  be  deduced  from  these  figures  that  for  same 
flow  conditions  (e.g.,  same  kinematic  viscosity),  larger  value  of  the  coefficients  (both  c,  and  cj  are 

required  for  LES  if  the  grid  resolution  becomes  coarse  in  the  simulation  of  (decaying)  isotropic 
turbulence. 

4.3  Forced  isotropic  turbulence 

A  statistically  stationary  isotropic  turbulence  is  simulated  using  a  32’  grid  resolution.  The  main  purpose 
of  this  simulation  is  to  determine  whether  a  low  resolution  LES  using  the  LDKSGS  model  can 
reproduce  the  statistics  (of  the  large  scale  structures)  of  a  realistic,  high  Reynolds  number  turbulent 
field.  The  results  are  compared  with  the  existing  high  resolution  DNS  data  by  Vincent  and  Menegmzzi 
(1991)  and  Jimenez  etal.  (1993)  obtained  at  Re^,  »150  and  Re^,  «170,  respectively. 


A  statistically  stationary  turbulent  field  is  obtained  by  forcing  the  large  scales  as  was  done  by  Kerr 
(1985).  In  this  study,  the  initial  value  of  all  Fourier  modes  with  wave  number  components  equal  to  1  is 
kept  fixed.  The  initial  condition  is  obtained  by  generating  a  random  realization  of  the  energy  spectrum 

(e.g.,  Briscolini  and  Santangelo,  1994), 


£(*)  =  C 


k* 

1+ik/kof'^ 


(50) 


where  Ai)  =  1  and  C  is  a  constant  which  normalizes  the  irtitial  total  energy  to  be  0.5.  In  isotropic 
turbulence,  there  are  some  generally  accepted  parameters  characterizing  the  flow  such  as  the  Taylor 
microscale  Reynolds  number,  the  integral  scale  Reynolds  number,  and  the  large-eddy  turnover  time.  For 
an  accurate  estimate  of  these  parameters,  the  full  resolution  DNS  data  are  required.  Strictly  speaking, 
there  is  no  way  to  exactly  evaluate  these  quantities  from  LES  data.  Therefore,  the  characteristic 
parameters  are  computed  here  in  an  approximate  manner.  The  energy  dissipation  rate  e  can  be 
computed  accurately  using  the  property  of  the  forced  turbulence  since  in  the  forced  isotropic 


turbulence,  the  energy  dissipation  rate  is  balanced  with  the  energy  injection  rate  by  the  external  force. 
The  energy  injection  rate  can  be  easily  determined  from  the  external  force  added  into  the  field  and  the 
velocity  at  the  wavenumber  component  equal  to  1  where  the  external  force  is  applied-  The  total  energy 
E^  involved  in  the  cascade  process  is  estimated  by  assuming  that  the  energy  spectrum  obeys  the 
Kolmogorov  law  E{k)  =  (where  Q  » 1.5  is  the  Kolmogorov  constant). 

The  root-mean-square  velocity  is  defined  by 


(52) 


and  the  Taylor  microscale  X  is  defined  by 


~  15v^w^  /e 


(53) 


where  denotes  the  use  of  the  effective  viscosity  (v+v,.)  instead  of  the  molecular  viscosity.  The 
integral  scale  /  is 
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Rnally,  the  Taylor  microscale  Reynolds  number  is  defined  as  Re^  =«„„,X/v^,  the  integral  scale 
Reynolds  number  as  Re,  =  u^l  /  ,  and  the  large-eddy  turnover  time  as  t  =  //«„„,.  In  this  study,  LES 
are  implemented  under  two  different  flow  conditions.  One  is  characterized  by  Re;^  -  260,  Re,  -  2400, 
and  t«  3.7 ;  the  other  is  characterized  by  Re^  -  80,  Re,  -  220,  and  x  -  4.  The  simulations  have  been 
run  for  27  and  25  large-eddy  turnover  times,  respectively.  To  ensure  statistical  independence,  20  fields 
are  used  in  statistical  analysis  for  both  cases  (i.e.,  the  time  interval  between  successive  fields  is  larger 
than  (or  at  least  same  as)  one  large-eddy  turnover  time). 


Figure  20  shows  the  temporal  evolution  of  the  mean  turbulent  kinetic  energy.  After  an  initial  decaying 
period  (i.e.,  after  r «  20),  the  mean  turbulent  kinetic  energy  remains  at  almost  the  same  level,  reflecting 
a  balance  between  forcing  at  the  large  scales  (the  energy  injection  rate)  and  dissipation  at  the  small 
scales  (the  energy  dissipation  rate).  Only  this  energy  equilibrium  period  of  time  is  used  m  statisucal 
Bnslysis  because  it  is  closer  to  a  statistically  steady  state. 

Figure  21  shows  the  probability  distribution  of  velocity  differences,  Su(r)  =  t.U+r)-ti(r),  for  various 
values  of  r  (note  that  all  values  of  r  used  here  are  comparable  with  the  iiiettial  range  scales).  For 
generality,  &-  is  noimalized  so  that  o’=<&t=>=l.  The  LES  results  (using  the  LDKSGS  model  at 
Rei  -  260)  dearty  show  that  the  distribution  changes  from  a  non-Gaussian  (which  has  the  wmgs)  to  a 
as  r  increases,  fbe  same  behavior  of  the  distribution  was  observed  in  the  high  resolution 
DNS  of  Vincent  and  Meneguizzi  (1991).  In  addition  to  the  basic  agreement  regarding  the  development 
of  the  non-Gaussian  statistics,  the  LES  accurately  predicts  the  probability  for  each  bin.  Figure  22  shows 
an  agreement  between  the  distributions  for  r=0.39  obtained  from  the  LES  and  the  DNS  except  for 
some  deviation  in  the  wing  region.  However,  as  is  weD  known,  the  wings  of  the  non-Gaussian 
distribution  develop  mainly  due  to  small-scale  fluctuations.  Iherefore.  the  deviation  between  the  LES 
mtd  the  DNS  results  in  the  wings  is  somewhat  natural;  since  in  LES.  most  small  scales  ate  not  resolved 
and  even  the  resolved  portion  of  small  scales  lies  under  strong  influence  of  the  top-hat  filter  implicitly 

implemented  in  FDM  code. 

nie  «ariMics  of  velocity  and  its  derivatives  are  also  investigated.  While  the  statistics  of  velocity  are  the 
property  of  the  large  scales  which  are  mosUy  resolved  in  LES.  the  statistics  of  velocity  derivative  are 
the  property  of  the  dissipation  range  scales  which  are  not  resolved  by  LES.  Therefore,  the  direct 
comparison  of  LES  and  DNS  using  the  statistics  of  velocity  derivative  may  be  meaningless.  A  more 
useful  comparison  can  be  achieved  by  filtering  the  DNS  field  down  to  the  same  resolution  as  the  LES. 
For  the  same  grid  resolution  and  flow  conditions,  the  statistics  of  the  LES  and  the  filtered  DNS  should 
match  welL  However,  the  velocity  derivative  statistics  of  the  filtered  DNS  data  are  not  available, 
therefore,  the  DNS  statistics  of  velocity  derivative  obtained  from  the  full  resolution  simulation  (shown 


in  the  table  4)  is  being  used  only  as  a  qualitative  measure  for  the  LES  results.  We  computed  the  nth- 
order  moments  of  the  velocity  and  its  derivative  distributions  using 


<  j:"  > 


(55) 


here,  <•>  denotes  wisemble-averaging  instead  of  test-filtering.  The  results  of  this  calculation  is 
summarized  in  table  4.  The  results  of  the  512’  DNS  (Re^^  *170),  the  240’  DNS  (Re^,  *150),  and  the 
64’  LES  (Re;^  *140)  are  obtained  from  Jimenez  et  al.  (1993),  Vincent  and  Meneguizzi  (1991),  and 
Btiscolini  and  Santangelo  (1994),  respectively.  (Note  that  different  authors  use  a  definition  of  Re^^  in 
different  form,  however,  we  use  the  original  value  provided  by  the  authors  without  any  correction.)  The 
64’  LES  was  implemented  using  the  Kraichnan’s  eddy  viscosity  where  the  small  scales  are 
parameterized  reproducing  a  self-similar  range  of  energy  in  spectral  space.  We  simulated  two  different 
Reynolds  number  cases  using  the  same  grid  resolution  to  investigate  the  effect  of  the  Reynolds  number 
on  the  statistics.  As  shown  in  the  table,  the  velocity  statistics  appear  not  to  depend  on  either  the  grid 
resolution  or  the  Reynolds  number  simulated.  However,  the  velocity  derivative  statistics  were  highly 
influenced  by  the  grid  resolution  employed  (it  can  be  observed  from  the  table  that  those  values  of  the 
velocity  derivative  statistics  are  consistently  decreased  as  the  grid  resolution  becomes  coarse  firom  512’ 
to  32’).  In  the  LES,  the  effect  of  the  Reynolds  number  on  the  velocity  derivative  statistics  is  not 
captured  (in  the  DNS  of  Jimenez  et  al  (1993),  consistent  increase  in  the  velocity  derivative  statistics 
with  Reynolds  number  increase  was  observed),  since  the  velocity  derivative  statistics  are  strongly 
determined  by  the  grid  resolution  employed. 

figure  23  shows  that  the  fraction  of  grid  points  where  the  model  coefficient  c,  is  negative.  In  the  LES 

using  the  LDKSGS  model,  regardless  of  the  Reynolds  number  simulated,  about  20%  fraction  of  grid 
points  have  negative  model  coefficient  throughout  the  simulation.  Carati  et  al.  (1995)  reported  that  the 
DLM(ife)  predicts  negative  model  coefficient  in  about  13%  fraction  of  grid  points  for  a  similar  forced 
isotropic  simulation.  Therefore,  the  LDKSGS  permits  backscattering  in  larger  fraction  of  grid  points 
than  the  DLM(fc). 


Figures  24  and  25  show  the  temporal  evolution  of  the  model  coefficient  c,  and  the  dissipation  model 
coefficient  c.  OocaUy  evaluated  coefficients  are  volume-averaged  for  quantitative  presentation).  The 
LDKSGS  model  predicts  c,  -0.056  and  c,-0.33  for  higher  Reynolds  number  case  (Re,  -260)  and 
c,  -  0.05  and  c,  -  0.44  for  lower  Reynolds  number  case  (Re,  -  80).  These  values  for  c,  are  pretty  well 
matched  with  that  suggested  by  Yoshizawa  &  Horiuti  (1985);  they  recommended  c,  -0.05  from  the 

framework  of  the  two-scale  direct-interaction  approximation  (TSDIA).  (Note  that,  in  the  Reynolds- 
averaged  turbulence  models,  a  generally  adopted  value  for  c.  is  about  0.09;  that  is  significantly  larger 
than  that  for  LES.)  However,  there  are  some  discrepancies  between  c.  values  dynamically  determined 
and  suggested  by  Yoshizawa  &  Horiuti  (c.-l).  From  the  observation  of  these  figures,  it  can  be 

roughly  concluded  that  in  LES  of  (forced)  isotropic  turbulence  using  the  fixed  grid  resolution,  a  larger 
value  of  the  model  coefficient  c,  and  a  smaller  value  of  the  dissipation  model  coefficient  c,  is  required 


as  higher  Reynolds  number  flows  are  simulated. 


5.  Conclusions 


In  this  paper,  the  properties  of  a  new  dynamic  localized  model  (the  LDKSGS  model)  have  been  studied. 
This  model  is  formulated  using  the  subgrid-scale  kinetic  energy  equation  model  as  a  base  model.  As 
was  done  in  the  other  dynamic  models,  two  different  filter  levels  are  introduced  to  dynamically 
determine  the  model  coefficient  However,  this  model  has  a  unique  feature  which  distinguishes  it  from 
the  previously  developed  dynamic  models;  that  is,  in  the  present  model.  Germane  et  aVs  mathematical 
identity  is  not  employed.  This  feature  aUows  the  LDKSGS  model  to  overcome  some  of  the  inherent 
in  the  dynamic  procedures  using  Germano  et  al.'s  mathematical  identity,  such  as,  the 
mathematically  inconsistent  derivation  and  ill-conditioning  problem.  The  instability  caused  by  the 
prolonged  presence  of  negative  model  coefficients  is  also  prevented  in  the  LDKSGS  model  by  the  use 
of  the  subgrid-scale  kinetic  energy  to  model  the  subgrid-scale  stress  tensor.  Another  advantage  obtained 
by  avoiding  Geimano  et  al.'s  mathematical  identity  is  that  the  LDKSGS  model  has  a  relatively  simple 
structure  which  makes  the  model  computationally  very  efficient  As  a  result  the  additional  expense 
involved  in  the  solution  procedure  of  the  subgrid-scale  kinetic  energy  transport  equation  (when 
compared  to  the  DASGS  model)  has  been  greatly  compensated.  Moreover,  the  localized  model 
coefficients  obtained  from  the  LDKSGS  model  are  shown  to  be  Galilean-invariant  and  very  realizable. 
Especially,  the  realizability  of  the  model  provides  a  means  to  obtain  a  numerically  stable  and  a 
physically  accurate  solution. 

TTie  LDKSGS  model  has  been  successfully  applied  to  three  different  types  of  homogeneous  turbulent 

flows.  In  the  simulations  of  Taylor-Green  vortex  flow,  the  results  obtained  from  the  LDKSGS  model 

were  compared  with  those  of  two  existing  dynamic  models.  It  was  demonstrated  that  the  LDKSGS 

model  yields  a  better  agreement  with  the  high-resolution  DNS  than  other  dynamic  models  tested.  The 

capabflity  of  the  LDKSGS  model  in  predicting  the  energy  decay  rate  has  been  demonstrated  by 

0 

simulating  the  decaying  isotropic  turbulence  and  comparing  the  results  to  the  experimental  data  (the 
LES  results  confirmed  the  power  law  decay  which  was  observed  in  the  experimental  data). 
Furthermore,  three  different  resolutions  LES  (at  the  coarsest  resolution,  about  a  half  of  the  kinetic 
energy  was  not  resolved)  showed  consistency  in  predicting  the  energy  decay.  This  property  of  the 


LDKSGS  model  is  very  attractive,  especially  when  the  model  is  (to  he)  applied  to  complex  and  high 
Reynolds  number  flows  where  a  significant  amount  of  turbulent  energy  possibly  lies  in  the  unresolved 
scales.  The  application  of  the  present  model  to  forced  (stalisiically  stationary)  isotropic  mrbulence  also 
proves  the  capability  of  the  LDKSGS  model  in  reproducing  the  statistics  (of  the  large  scale  structures) 
of  a  realistic,  high  Reynolds  number  turbulent  field.  Tbe  I£S  results,  when  compared  to  the  high 
resolution  DNS  data,  clearly  show  the  accurate  prediction  of  velocity  stadsfics  and  the  development  of 
the  nonOaussian  statistics  (which  was  observed  in  the  high  resolution  DNS). 

To  complete  the  study  on  the  properUes  of  the  proposed  model,  the  model  behavior  near  soUd  walls 
Mtd  for  anisotropic  grid  should  be  included.  This  issue  is  currcnUy  being  investigated.  According  to  the 
preliminary  results  obtained  from  the  large^eddy  simulation  of  turbulent,  plane  Couette  flow,  the 
model  can  be  applied  to  the  waU-bounded  flow  simulations  in  a  straightforward  manner.  The 
detailed  results  of  this  study  will  be  reported  in  the  near  future. 
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Appendix  A.  The  dynamic  determination  of  the  diffusion  model  coefficient 
The  diffusion  term  in  the  transport  equation  for  (14),  can  be  rewritten  as, 


Here,  the  exact  expression  and  the  model  of  at  the  grid  filter  level  are  given  by 


A 


(A  2) 


where  k^,  =!«.«(  and  Cj  =  cja^  -\jkl^  which  is  defined  here  as  a  diffusion  model  coefficient  Using 
the  logic  described  in  section  2.3,  the  following  expression  for  the  (Kffusion  flux  at  the  test  filter  level  is 
obtained, 


(A3) 


where  and  (A  3)  does  not  include  any  other  unknowns 

except  Cj,  hence,  can  be  determined  directly  from  (A  3).  However,  since  (A  3)  is  a  set  of  three 
independent  equations  for  one  unknown  Cj,  the  least-square  method  is  needed  to  solve  this  over¬ 
determined  system  as  was  done  to  determine  c,;  this  approach  gives 


d; 


Cj=- 


^Kes 

dX; 


dk„  dk„ 


dX 


(A  4) 


Appendix  B.  The  dynamic  estimate  of  the  initial 


As  shown  by  Yoshizawa  (1985),  the  usual  Smagorinsky  model  can  be  derived  from  the  SGS  kinetic 
energy  model  by  assuming  the  equilibrium  of  the  SGS  energy  production  and  dissipation.  Upon  this 
assumption,  the  SGS  energy  is  described  in  terras  of  the  grid  width  and  the  resolved  scale  strain  rate 
tensor  without  employing  a  transport  equation  for  This  description  is  easfly  obtained  by  comparing 

(6)  with  (15)  and  (16), 


=  i(m  -  m)  *  • 


(Bl) 


The  test-filter-level  energy  is  also  described  in  a  similar  manner. 


(B2) 


Now,  a  dimensionless  coefficient  C  can  be  evaluated  from  (B  2), 


(B3) 


By  substituting  (B  3)  into  (B  1),  we  get 


(B4) 


(B  4)  can  provide  a  dynamic  estimate  of  when  the  initial  is  not  known.  Interestingly,  the 
description  for  in  (B  4)  is  same  as  in  (49)  except  that  (B  4)  contains  a  variable  coefficient  while  (49) 
contains  a  fixed  coefficient  c*.  By  analogy  between  (B  4)  and  (49),  c*  can  be  evaluated  from  the 
resolved  scale  information  in  LES  data, 


Using  the  LES  data  of  the  forced  isotropic  turbulence  (section  4.3),  (B  5)  predicts  c*  0.49  for  higher 
Reynolds  number  case  (Re;, «  260)  and  c* »  0.45  for  lower  Reynolds  number  case  (Re;, »  80).  These 
values  are  in  very  good  agreement  with  that  given  by  Liu  et  al.  (1994).  In  their  work,  c*  =  0.45  ±  0.15 
was  obtained  from  a  high  Reynolds  number  (Re;,  >=310)  experiment^  data  for  a  free  jet 
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Table  Captions 


Table  1.  Characteristic  scales  and  flow  properties  at  the  grid  and  test  filter  levels. 

Table  2.  Resolved  energy  at  various  grid  resolutions.  This  data  is  obtained  from  numerically 
integrating  the  spectrum  given  by  Comte-Bellot  &  Corsin  (1971). 

Table  3.  Decay  exponent  n  of  the  power  law  decay  E  ~  (/*)".  The  experimental  data  is  obtained  from 
a  least-SQuare  fit  to  the  resolved  energy  data  which  is  computed  by  numericaUy  integrating 
the  spectrum  of  Comte-Bellot  &  Corsin  (1971). 

Table  4.  Higher-order  moments  for  a  velocity  component,  u,  and  its  longitudinal  and  transverse 
gradients,  du/dx  and  du/dy.  The  nth-order  moments  are  denoted  by  S„.  The  DNS  statistics 
of  velocity  derivative  are  obtained  from  the  full  resolution  field.  Therefore,  the  direct 
comparison  of  LES  and  DNS  using  the  statistics  of  velocity  derivative  may  be  meaningless. 


Figure  Captions 


Figure  1.  Energy  spectrum,  Eik),  and  dissipation  spectrum,  Dik)  -  l\k}E(,k),  computed  from  128’ 
DNS  data  at  r  =  29. 

Rgure  2.  Energy  spectra  computed  from  128’  DNS  and  64’  LES  using  various  dynamic  SGS  models 
atr  =  29. 

Rgure  3.  Energy  spectra  computed  from  128’  DNS  and  32’  LES  using  various  dynamic  SGS  models 
atr  =  29. 

Figure  4.  Time  evolution  of  the  ratio  of  the  dissipation  rate  of  the  SGS  kinetic  energy  (D)  to  the 
production  rate  of  the  SGS  kinetic  energy  (P)  computed  from  128’  DNS  data  at  three 

different  grid  resolutions. 

Figure  5.  Time  evolution  of  the  velocity  derivative  skewness  computed  from  128’  DNS  and  64’  LES 
using  various  dynamic  SGS  models. 

Figure  6.  Time  evolution  of  the  velocity  derivative  flatness  computed  from  128’  DNS  and  64’  LES 
using  various  dynamic  SGS  models. 

Rgure  7.  Time  evolution  of  the  production  rate  of  the  SGS  kinetic  energy  computed  from  128  DNS 
and  64’  LES  using  dynamic  one-equation  SGS  models. 

Figure  8.  Time  evolution  of  the  dissipation  rate  of  the  SGS  kinetic  energy  computed  from  128  DNS 
and  64’  LES  using  dynamic  one-equation  SGS  models. 

Figure  9.  Time  evolution  of  the  velocity  derivative  skewness  computed  from  128’  DNS  and  32’  LES 
using  various  dynamic  SGS  models. 

Rgure  10.  Time  evolution  of  the  velocity  derivative  Harness  computed  from  128’  DNS  and  32’  LES 
using  various  dynamic  SGS  models. 

Figure  11.  Time  evolution  of  the  production  rate  of  the  SGS  kinetic  energy  computed  from  128’  DNS 
and  32’  LES  using  dynamic  one-equation  SGS  models. 

Rgure  12.  Time  evolution  of  the  dissipation  rate  of  the  SGS  kinetic  energy  computed  from  128’  DNS 
and  32’  LES  using  dynamic  one-equation  SGS  models. 

Rgure  13.  Time  evolution  of  the  model  coefficients  determined  by  various  dynamic  SGS  models. 


Figure  14.  Time  evolution  of  the  dissipation  model  coefficients  determined  by  dynamic  one-equation 
SGS  models. 

Figure  15.  Decay  of  turbulent  kinetic  energy  resolved  in  three  different  resolution  LES;  compared  to 
the  experimental  data  by  Corate-Bellot  &  Corsin  (1971). 

Rgure  16.  Energy  spectra  predicted  by  three  different  resolution  LES  at  r*  =  4.98;  compared  to  the 

cxpcrini6nial  dzitB.  by  Cointc-Bcllot  &  Corsin  (1971). 

Rgure  17.  Energy  spectra  predicted  by  three  different  resolution  LES  at  r*  =  8.69;  compared  to  the 

experimental  data  by  Comte-Bellot  &  Corsin  (1971). 

Rgure  18.  Time  evolution  of  the  model  coefficients  determined  from  three  different  resolution  LES. 
Figure  19.  Time  evolution  of  the  dissipation  model  coefficients  determined  from  three  different 

resolution  LES. 

Rgure  20.  Time  evolution  of  mean  kinetic  energy  resolved  in  32’  LES  at  two  different  Reynolds 
numbers. 

Figure  21.  Probability  distribution  of  normalized  velocity  difference  for  five  different  scales  (r) 
predicted  by  32’  LES  at  Re^^  =  260. 

Figure  22.  Probability  distribution  of  normalized  velocity  difference  for  r  =  0.39 ;  compared  to  the  high 
resolution  DNS  results  by  Vincent  &  Meneguizzi  (1991). 

Figure  23.  Time  evolution  of  negative  model  coefficient  fraction  resulted  firom  32  LES  at  two 

different  Reynolds  numbers. 

Figure  24.  Time  evolution  of  the  model  coefficients  determined  from  32’  LES  at  two  different 
Reynolds  numbers. 

Rgure  25.  Time  evolution  of  the  dissipation  model  coefficients  deteirained  from  32’  LES  at  wo 
different  Reynolds  numbers. 


find  filter  level  ^ 

Test  filter  level 

Dissipation 

Production 

Dissipation 

Production 

range 

range 

ran 

££- - 

range 

Characteristic 

Not  available 

A 

Not  available 

j 

Not  available 

>> 

II 

>1 

UiU^ 

m 

A  A 

UiUi 

lincr^  level 

Stress  tensor 

UiU: 

UU’ 

U,Mj 

Dissipation 

/  9“i  \ 

\dx^  dxjj 

j  \ 

\dxjdxjl 

dUi  ou- 
dXj  dxj 

aaic 

Strain  rate 

tpncnr 

Not  available 

Not  available 

Not  available 

% 

Effective 

viscosity 

V 

V 

V  +  Vj. 

(Here,  "Not  available"  implies  that  this  information  can  not  be  obtained  from  the  LES.) 


Table  1.  Characteristic  scales  and  flow  properties  at  the  grid  and  test  filter  levels. 


Grid 

resolution 

512’ 

oo 

256’ 

192’ 

OO 

96’ 

64’ 

48’ 

32’ 

24’ 

16’ 

12’ 

8’ 

Resolved 

energy  (%) 

99.8 

99.5 

98.4 

96.6 

92.2 

87.3 

78.3 

70.3 

59.3 

49.7 

35.1 

24.4 

10.5 

Table  2.  Resolved  energy  at  various  grid  resolutions.  This  data  is  obtained  from  numerically 
integrating  the  spectrum  given  by  Comte-Bellot  &  Corsin  (1971). 


Grid  resolution 

Experiment 

LDKSGS 

DLM(it) 

DASGS 

48^ 

-1.20 

-1.17 

-1.17 

-1.20 

32’ 

-1.16 

-1.13 

24’ _ 

-1.12 

-1.09 

Table  3.  Decay  exponent  n  of  the  power  law  decay  E  -  The  experimental  data  is  obtained  from 
a  least-square  fit  to  the  resolved  energy  data  which  is  computed  by  numerically  integrating 
the  spectruni  of  Comte-Bellot  &  Corsin  (1971). 


32^LDKSGS  2.78  11.9  -0.317  3.47  -3.48  23.4  -0.005 


dufdy 


4.87  -0.109 


(Re^  •■260) _ ; _ 

32’LDKSGS  2.80  12.1  -0.302  3.59  -3.57  25.8  0.028  4.93  0.233  51.3 


o 

OO 

1 

Gaussian 

3.0 

15.0 

0.0 

3.0 

0.0 

15.0 

0.0 

3.0 

0.0 

15.0 

Table  4.  Higher-order  moments  for  a  velocity  component,  u,  and  its  longitudinal  and  transverse 
gradients,  du/dx  and  dujdy.  The  nth-order  moments  are  denoted  by  5,.  The  DNS  statistics 

of  velocity  derivative  are  obtained  from  the  full  resolution  field.  Therefore,  the  direct 
comparison  of  LES  and  DNS  using  the  statistics  of  velocity  derivative  may  be  meaningless. 
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Abstract 

A  method  for  solving  Navier  Stokes  equations  for  reacting  flows  in  the  near 
incompressible  Mach  number  limit  is  proposed  and  validated  in  this  paper.  A  f^ctiond 
step  method  often  used  in  methods  to  simulate  incompressible  flows,  is  employed  m  the 
present  formulation.  An  impUcit  scheme  is  used  for  time  integration  which  gives  us  a 
larger  domain  of  stability.  The  convergence  of  the  scheme  is  found  to  depend  strongly  on 
the  efficiency  of  the  method  used  to  solve  the  elliptic  equation  for  pressure.  A  mulu^d 
scheme  is  used  for  achieving  the  required  efficiency  in  the 

present  method  is  found  to  be  especially  useful  for  apphcation  to  Large  Eddy  Simulatio^. 
Tbe  variables  used  in  such  simulations  are  physical  quantities  convolved  witii  ^me  yamd 
filter  and  centered  at  the  location  where  the  correspondmg  filtered  variable  is  defined.  Tne 
use  of  a  non-staggered  grid,  where  all  primitive  variables  are  defined  at  the  s^e  physical 
location  provides  an  unique  location  (at  the  grid  node)  of  the  filter  for  all  the  ^^nab 
The  relative  merits  of  this  method  over  the  existing  methods  that  employ  non-staggered 
grids,  are  indicated  in  this  report  and  are  proven  using  various  test  problems. 


1.  Introduction 

A  numerical  method  for  solving  three  dimensional  time  dependent  Navier-Stokes 
equations  governing  chemically  reacting  flows  at  low  mach  numbers  is  presented.  At  low 
^ds,  acoustics  have  negUgible  effect  on  the  fluid  flow  (and  chemistry  in  case  of 
chmically  reacting  flow  fields).  Chemical  reactions  in  such  flow  fiel^  essenuatiy  t^e 
place  under  isobaric  conditions.  The  effect  of  combustion  then,  is  felt  ^ 
dilatation  due  to  heat  release  and  subsequent  density  variation.  A  rnemod  used  toy 
McMurtry  et  al  [1]  for  incorporating  this  effect  into  a  flow  field  (that  would  be 
incompressible  in  the  absence  of  heat  release)  is  combined  with  a  second  order  semi- 
impUcit  fractional  step  method  formulated  on  a  curvilinear  non-staggered  pd  SunUar 
formulation  for  use  in  modeUng  of  subsonic  flows  can  be  found  in  an  article  by  Eons  and 

Oran  [2]. 

First  proposed  by  Chorin  [3]  and  Temam  [4],  the  fractional  step  method  has  ^n  modified 
many  times  because  of  it’s  initial  shortcomings.  Much  of  the  work  h^  ^n  ^ 
staggered  grids.  The  physical  locations  where  each  of  the  vanable  is  defined,  vanes 


method  to  method.  A  survey  of  these  kyout  issues  can  be  found  in  Yan  Zang  et  al  [5]. 
The  present  method  defines  all  variables  at  the  grid  points  and  involves  an  upwind 
interpolation  of  velocities  to  half  points  on  the  grid  (cell  faces)  and  uses  these  interpolated 
values  in  the  calculation  of  the  source  terms  for  the  pressure  Poisson  equation  (much  like 
the  way  it  is  done  by  Yan  Zang  et  al  [5] ).  TTus  makes  it  mimic  the  behavior  of  fracuonal 
step  methods  fomulated  on  much  used  staggered  grids.  This  prevents  the  pressure 
velocity  decoupUng  and  also  enforces  full  mass  conservation  in  the  case  of  incompressAle 
flows.  The  way  in  which  volumetric  dilatation  due  to  heat  relea^  is  accounted  for, 
however  makes  the  method  non-conservative  in  case  of  chemically  reacting  flow 
simulations.  This  kind  of  layout  leads  to  a  reduction  in  terms  of  storage  requirements  for 
the  metrics  per  node.  Also  the  definition  of  all  the  primitive  dependent  variables  at  the 
same  physical  locations  is  advantageous  in  terms  of  analysis  of  the  ^ults  obtained. 
Further,  this  layout  is  also  preferable  in  terms  of  Large  Eddy  Simulation  (LES).  LES 
involves  modeUng  of  flow  quantities  that  are  convolved  with  a  filter  centered  at  the  point 
where  the  quantities  are  defined.  The  information  lost  in  the  scales  below  the  charactensuc 
filter  width  is  accounted  for  using  a  model.  If  a  staggered  grid  layout  is  used,  the  velocities 
(contravariant  or  covariant)  are  defined  at  different  locations  which  in  a  LES  would  taply 
that  the  filters  needed  for  each  of  these  velocity  components  are  centered  at  different 
locations.  This  would  need  special  attention  in  a  LES.  Since  LES  capability  is  the  mam 
requirement  in  the  present  study,  a  non-staggered  grid  is  used. 

The  Poisson  equation  is  solved  using  a  multigrid  scheme.  Use  of  pseudocompressible 
methods  along  with  an  accelerating  procedure  such  as  a  multigrid  scheme  would  involve 
residual  reduction  in  each  of  the  coupled  equations  using  the  multigrid  scheme.  In  the 
fractional  step  methods,  however  the  multigrid  scheme  is  necessary  only  for  one  ellipuc 
equation.  This  leads  to  a  substantial  saving  in  terms  of  time  for  advancement  of  the 
solution.  Unlike  the  methods  based  on  block  LU  decomposition  due  to  implicit  treatment 
of  diffusion  terms  [5],  the  present  method  treats  implicitly  also  the  nonlinear  terms  gwmg 
it  better  stability  all  the  way  to  the  inviscid  limit  The  memory  storage  efficiency,  stability 
and  accuracy  of  the  method  are  established  by  simulation  of  various  flows. 

2.  Low  Mach  number  approximation  of  chemically  reacting  flow  equations. 

Consider  the  equations  governing  the  flow  a  reacting  perfect  gas. 


where  Kj  represents  the  Cartesian  velocity  components,  p  is  the  fluid  density,  p  is  the 
pressure,  Xij  is  the  viscous  stress  tensor,  Qf  is  the  heat  flux,  Q  is  the  heat  source,  is  the 

concentration  of  a'*  species  (Greek  indices  are  used  to  denote  properties  of  chemical 
species  and  are  not  tensor  indices).  ,D„  are  the  species  production  rate  and  species 
diffusion  coefficient  of  a*  species.  E^e  +  0.5u^ m,,  where  « is  the  internal  energy.  Th^e 
equations  are  conservation  equations  for  mass,  momentum,  energy  and  chemical  speaes 
respectively.  These  need  to  be  supplemented  with  the  equation  of  state  relating  density, 

temperature  and  pressure. 

All  the  variables  are  put  in  dimensionless  form  by  scaling  with  their  reference  quantities. 
The  effect  of  compressibility  is  realized  through  a  dimensionless  parameter  y  M  (where 
M  is  the  Mach  number  and  y  is  the  ratio  of  specific  heats).  Assuming  this  to  be  small  at 
low  speeds  and  using  perturbation  analysis,  we  arrive  at  approximate  governing  equations 
for  low  speed  reacting  flow.  Such  an  analysis  was  conducted  by  various  researchers  and 
we  just  give  the  final  fonn  of  the  equations  without  the  actual  analysis  for  brevity 
purposes.  It  is  seen  that  all  dependent  variables  appear  only  to  lowest  order  of 
perturbation  except  for  pressure,  in  which  values  upto  two  orders  appear. 
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where  Pr,  Re,  Da  and  Pe  are  the  Prandtl,  Reynolds,  Damkohler  and  Peclet  numbers.  Ce  is 
reference  heat  release  non-dimensionalized  using  reference  quantities  for  velocity,  length, 
density,  temperature  and  C,.  This  parameter  needs  to  be  small  for  the  above 

approximation  to  be  valid. 


All  dependent  variables  now  represent  lowest  order  values  except  pressure  where  the  two 
order  values  are  denoted  by  corresponding  superscripts.  The  lowest  order  pressure  as  a 
result  of  lowest  order  approximation  to  momentum  equation,  is  now  constant  in  space  but 
can  vary  in  time.  The  first  order  pressure  gradient  enters  the  first  order  approbation  of 
momentum  equation.  In  this  approximation,  the  speed  of  sound  is  infinite,  so  the 
tiiermodynamic  pressure  variations  due  to  combustion  are  felt  instantaneously  making 
constant.  So  combustion  in  the  field  is  an  isobaric  process.  The  first  order  pressure  is 
the  dynamic  pressure  associated  with  the  flow  and  has  the  sense  of  normal  fluid  str^  as  in 
incompressible  flow  fields.  Q  is  the  non-dimensional  heat  source  and  if  this  is  zero, 
volumetric  dUatation  also  reduces  to  zero.  The  temporal  variation  of  thermodynamic 
pressure  depends  on  whether  combustion  is  a  constant  volume  process  (as  in  confined 
domains)  or  a  constant  pressure  process  (as  in  unconfined  domains.  The  superscripts  on 
first  order  pressure  is  dropped  in  following  sections. 


3.1  Review  of  fractional  step  methods. 

This  section  briefly  reviews  the  fractional  step  methods  used  to  model  incompressible 
flows.  Fractional  step  methods  are  often  preferred  in  the  present  day  over  other  niethods 
like  pseudocompressiblity  methods  and  vorticity-stream  function  methods  because  of  their 
efficiency  in  terms  of  memory  storage  requirements  and  less  complication  in  numerical 
implementation  (see  Quartepelle  [6] ),  which  is  especially  the  case  when  using  accelerating 
procedures  like  multigrid  schemes.  The  advantages  of  this  method  have  also  been 
discussed  to  some  extent  by  Yanenko  [7].  However  there  still  are  a  few  shortcomings  in 
this  method  that  haven't  been  resolved.  Some  of  them  are  listed  here  and  are  looked  into  in 
later  sections.  Similar  analysis  was  conducted  by  Perot  [8],  especially  for  metiib 
involving  block  LU  decomposition  due  to  implicit  treatment  of  diffusion  terms.  Similar 
notation  is  used  here. 

Consider  the  incompressible  Navier-Stokes  equations  in  non-dimensional  form  (density  = 

1). 


dUj  duj  -  ^  ^ 

dt  Bx,  KQdx.dx, 

Temporal  discretization  of  these  equations  usually  involve  explicit  updating  of  convective 
terms  and  semi-implicit  trapezoidal  updating  of  dtffusion  terms.  This  produces  a  system  of 
equations  as  follows. 


(1) 

(2) 


(3) 


J^i^  +  rL5H,(«;)-  0.5//i(«r‘)]  =  -^?iP  W*'  +«*)  W 

Ar  *• 

H-,  is  the  discrete  convective  operator,  L  is  the  discrete  Laplacian  operator  G,-  is  the 
discrete  gradient  operator  and  is  the  discrete  divergence  operator  (not  to  be  confused 
with  the  notation  used  for  species  diffusion  coefficient  previously).  These  can  put  in  the 
following  form. 
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where 


A  =  -Lf  /  _  i\  r  contains  the  remainder  of  the  terms  which  are  explicitly  known. 

Art  2Re  J  ’ 

This  is  usually  factorized  (to  within  an  approximation)  as 
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Lo  J 

In  the  above  factorization  ,  G,  is  replaced  by  A  Ar  G,-.  From  the  definition  of  A,  it  is  seen 
that  the  error  in  factorization  is  of  first  order.  This  error  tends  to  be  diffusive  arid  aids 
stability  but  needs  to  be  avoided  for  time  accurate  calculations  (Numerical  dissipation 
should  be  minimized  as  much  as  possible  in  unsteady  calculations).  Taking  divergence  of 
the  first  vector  equation  in  the  second  step,  we  arrive  at  a  Poisson  equation  for  pressure. 
This  equation  is 

(7) 

At 

The  correct  source  term  in  Poisson  equation  for  pressure  should  be  divergence  of  the 
convective  term  in  the  rnornenmm  equation  which  is  equal  to  the  source  term  in  the  above 
equation  to  within  a  first  order  error.  So  the  evolution  of  the  pressure  field  is  also  first 
order  accurate. 


The  first  of  the  two  shortcomings  mentioned  above,  the  error  in  factorization  can  te 
rectified  to  a  certain  extent  Several  modifications  have  been  proposed  to  overcome  this 
problem.  Maday  et  al  [9]  proposed  a  modification  of  r,  to  expUcitly  account  for  the  error 
through  it's  approximation  in  terms  of  known  quantities.  This  approach  has  not  been  used 
much  because  of  it's  suspected  stability  properties.  The  second  approach  proposed  by 
Perot  [8]  involves  a  different  type  of  factorization  of  discrete  time  operator  mattix  acting 
on  primitive  variables.  This  approach  leads  to  an  equation  for  pressure  that  is  not  a 
Poisson  equation  but  one  of  a  higher  order.  In  such  a  case,  one  needs  to  define  a  new 
pressure  variable  leading  to  a  complicated  pressure  updating  procedure. 

The  second  of  the  issues  that  needs  to  be  resolved  appears  mote  severe  than  the  first  one. 
TTie  error  in  the  source  term  is  Re-  {O.Sd^ /dxl)/dx,  and  in  the  corrector  step  of 
the  method  leads  to  a  first  order  error  in  velocity.  Perot  concludes  that  it  is  not  possible  to 
attain  a  higher  order  of  accuracy  for  pressure  in  such  formulations.  However,  as  claimed 
by  Temam  [10],  the  first  order  error  in  pressure  may  not  effect  the  orderof  accuracy  of  the 
velocity  field.  This  is  due  to  the  fact  that  the  error  term  is  usual  small  in  most  flow  fields. 
It  is  suspected  by  the  authors  that,  in  flow  fields  with  intense  pressure  gradients  this  error 
may  be  high  enough  to  effect  the  accuracy  of  the  velocity  field  as  well.  It  is  possible  to 
define  a  new  pressure  variable  (  so  called  discrete  pressure)  to  absorb  the  error  and  this 
has  been  used  by  Zang  et  al  [5].  As  pointed  out  previously  by  Perot  [8],  this  however  is 
not  always  possible  and  cannot  be  considered  a  permanent  solution  to  the  problem. 

3,2  Second  order  fractional  step  method  with  trapezoidal  updating. 

In  this  section,  a  numerical  method  with  implicit  trapezoicM  updating  for  equations 
governing  reacting  flows  under  zero  Mach  number  approximation  is  presented.  Consider 
first  the  conservation  equations  for  mass  and  momentum.  The  species  continuity  equation 
is  considered  at  the  end  of  this  section,  rest  of  the  equations  in  zero  Mach  number 
approximation  are  all  algebraic  and  need  no  time  integration. 
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The  volumetric  dilatation  is  obtained  in  terms  of  an  algebraic  expression.  For  ease  in 
further  analysis,  the  following  notation  is  used. 


So  the  conservation  equations  now  become 


lP=A 

dt 

9(p“/)_B_i£.  (11) 

dt  ■  dx, 

A  semi-implicit  time  integration  scheme  is  used  to  advance  the  solution  in  time. 
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Following  two  step  iterative  solution  procedure  is  proposed  for  converging  the  solution  at 
each  time  step. 
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At 
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followed  by 

(p-r-(p-,)~  (16) 

Ar  dxj 

Adding  the  two  equations  above,  we  can  say  that  the  numerical  solution  is  second  order 
accurate  provided  the  pressure  required  in  the  second  step  is  also  aUeast  second  order 
accurate.  The  equation  for  pressure  is  obtained  by  taking  divergence  of  the  second  step  o 
the  split  scheme. 
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This  equation  needs  to  be  solved  before  the  second  step  of  the  solution  procedure.  In 
order  to  check  the  accuracy  of  this  equation,  we  substitute  for  intermediate  value  of  the 
momentum  flux  into  it's  place  in  the  source  term.  Then  the  Poisson  equation  looks  like 
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This  is  an  second  order  approximation  to  the  following  Poisson  equation. 


(18) 


d^p  _  I  (19) 

dx^dx^  dXfdt  dx, 

which  is  exact  equation  for  pressure  in  continuous  time  domain.  A  genuinely  second  order 
scheme  is  obtained  without  any  complicated  pressure  updating  and  also  we  only  have  a 
Poisson  equation  that  needs  to  be  solved  unlike  higher  order  equations  that  usuaDy  are 
obtained  at  this  stage  and  need  definition  of  new  pressure  variable.  There  is  however  an 
issue  here  that  has  previously  been  addressed  by  several  researchers  regarding  the 
accuracy  of  the  above  approximation  after  spatial  discretization  in  the  fully  incoinpressible 
case.  The  viscous  stress  term  in  the  momentum  equation  for  fully  incompressible  flows 
does  not  contribute  to  the  source  term  of  the  Poisson  equation  since  it  is  divergence  free. 
This  is  because  the  Laplacian  operator  and  the  divergence  operator  commute.  Hiis 
however  may  not  always  be  true  in  case  of  finite  difference  approximations  to  these 
operators,  although  the  error  involved  is  found  to  be  usually  very  low  flower  in  order  than 
the  total  truncation  error  in  the  scheme).  But  for  some  incompressible  flow  problems,  the 
error  involved  could  cause  the  unsteady  solution  may  drift  from  actuality  (non-periodic 
boundary  conditions,  high  grid  stretching  ,  skewness  of  the  grid  are  usually  cited  as 
sources  of  this  type  of  error).  In  such  cases,  a  new  intermediate  velocity  variable  is  ^fined 
which  is  calculated  without  the  viscous  term.  This  new  variable  would  then  be  different 
flora  the  previously  defined  intermediate  velocity  variable  and  is  used  to  cdculate  the 
source  term  for  the  Poisson  equation.  This  source  term  doesn’t  involve  the  viscous  term 
like  in  the  continuum  case.  The  issues  regarding  the  Poisson  solver  are  discussed  in  a  later 

section. 

In  case  of  reacting  flows,  a  species  continuity  equation  also  needs  to  be  integrated  in  time. 
This  is  handled  much  the  same  way  as  the  mass  conservation  equation,  except  that  p  is 
now  replaced  by  Q  and  the  extra  diffusion  term  in  species  equation  is  updated  using  a 

trapezoidal  scheme. 


3J  Spatial  discretization 

A  non-staggered  grid  layout  is  employed  for  spatial  discretization.  Although  conservative 
forms  are  preferred,  under  the  zero  Mach  number  approximation,  the  nonlinear  terms 
cannot  be  put  in  the  conservation  form.  This  is  because  the  volumetric  dilatation  is 


explicitly  known  as  an  algebraic  expression.  For  cases  without  heat  release  however,  tire 
nonhnear  terms  can  be  put  in  conservative  form.  The  non-conservauve  formulauon 
necessary  for  the  chemically  reacting  flows  is  discussed  here. 

Let  us  consider  the  terms  in  A.  The  volumetric  dilatation  is  expUcidy  known.  The  other 
term  is  discretized  as  follows. 

3p  dkt  9p  (20) 
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where  is  the  coordinate  in  the  computational  space.  is  the  metric  of  transformation 

and  is  calculated  with  second  order  accuracy.  The  density  gradient  in  the  computation^ 
space  is  calculated  using  an  upwind  biased  numerical  approximation  with  upwmdmg  based 
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on  the  contra  variant  velocity  Uj- — . 
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Non  diffusive  part  of  5,  is  written  in  terms  on  transformed  coordinates  as  follows. 


(21) 


In  the  zero  Mach  number  formulation,  the  volumetric  dilatation  is  explicitly 
derivative  in  the  computational  domain  is  evaluated  again  as  an  upwind  biased  third  order 

finite  difference  approximation  based  on  the  sign  of 


The  diffusive  part  can  be  put  in  full  conservation  form  as 
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.^ffL  J  ,where  J  is  the  Jacobian  of  the  transformation.  J  *  —  det 


.  ,  1 

and  is  called  the  mesh  skewness  tensor  given  by • 


The  second  order  19  point  generic  stencU  is  used  to  discretize  the  Laplacian  operator  on 
the  computational  grid. 


3.4  Poisson  solver 

The  Poisson  solver  is  implemented  in  full  conservation  foim.  This  ensures  full  mass 
conservation  in  incompressible  flows.  For  reacting  flow  calculations  within  the  framework 
of  zero  Mach  number  approximation  ,  as  stated  earlier  full  conservation  form  is  not 

possible. 


Special  care  needs  to  be  taken  with  regards  to  pressure  solvere  when  fractional  step 
methods  are  used  on  non-staggered  grids.  Straight  forward  discretization  of  the  equations 
often  causes  pressure  velocity  decoupling  leading  to  checker  board  type  high  frequency 
oscillations  of  velocity  and  pressure  [11].  A  staggered  ^d  layout  is  often  preferred  to 
circumvent  this  problem  but  this  layout  is  more  expensive  in  terms  of  storage  requirements 
and  is  not  completely  without  problems.  Stencils  for  spatial  discretization  are  to  be  chosen 
so  as  to  achieve  coupling  of  pressure  and  momentum  equations. 

The  Poisson  equation  in  curvilinear  coordinates  after  discretization  in  space  is 
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Let  [(pM  T*  be  denoted  by  This  is  evaluated  at  the  half  points  and 

J  dxj  I'  ^  ^  1 

needs  the  values  of  the  metrics  at  the  half  points.  The  source  term  is  now  discretized  as 


where  the 


— ^[ 

indices  outside  of  regular  brackets  denote  the  location  in  computational  domain.  Uniform 
computational  mesh  with  unit  spacing  has  been  used  here.  here  is  correction  to  the  mass 
flux  vector  (across  the  surface  when  looked  upon  in  the  finite  volume  sense).  In 
incompressible  flows,  the  density  is  constant  and  uf  should  be  divergence  free.  So  for 
this  case,  in  solving  the  poisson  equation,  only  the  intermediate  momentum  term  in  the 
source  term  is  considered.  On  solving  the  equation,  we  make  the  velocity  at  the  advancing 
time  step,  divergence  free  in  the  fully  conservative  discrete  sense. 


The  values  of  intermediate  fluxes  are  needed  at  the  half-points  for  the  calculation  of 
source  term.  Use  of  any  symmeuic  interpolation  scheme  for  this  purpose,  decouples  the 
pressure  and  velocity  fields.  So  an  upwind  biased  QUICK  interpolation  scheme  is  used  to 
obtain  intermediate  fluxes  at  the  half  points.  This  has  been  successfuUy  used  to  obtain 
strong  coupling  by  Yang  et  al  [5]. 


The  19  point  generic  stencil  is  used  for  discretizing  the  Laplacian  operator  in  the  Poisson 
equation.  A  successive  line  over-relaxation  (SLOR)  scheme  is  used  for  the  solution  and  a 
four  level  multigrid  (MG)  scheme  is  used  to  accelerate  the  convergence.  The  type  of  MG 
cycle  is  chosen  based  on  the  problem  at  hand. 

When  an  accelerating  procedure  such  as  MG  scheme  are  being  used,  simpler  relaxation 
schemes  such  as  point  Jacobi  or  Gauss  Seidel  schemes  are  preferred  because  of  then 
simplicity  in  implementation  and  easy  vectorizability  (or  parallelizability).  A  SLOR  is 
preferred  here  though  because  of  it’s  high  local  convergence  rate.  The  numencal  method 
here  involves  global  iteration  because  of  it's  implicit  nature  and  this  makes  the  efficiency  of 


the  Poisson  solver  a  very  important  factor  towards  total  efficiency.  It  is  found  that,  except 
for  the  initial  stages  of  time  advancement,  the  values  of  pressure  from  a  sub-iteration  form 
a  very  good  estimate  of  the  solution  of  Poisson  equation  at  next  sub-iteration.  When  such 
is  the  case,  the  MG  cycle  ( necessary  if  one  uses  point  Jacobi  or  Gauss-Seidel  schemes)  is 
not  necessary,  a  couple  of  SLOR  iterations  on  the  finest  grid  level  are  enough  to  reach  the 
solution.  Further,  SLOR  schemes  can  fully  vectorized  at  the  expense  of  extra  memory 
storage  when  required. 

The  spatial  discretization  stencils  used  here  are  found  to  yield  very  little  artificial 
dissipation  which  is  very  desirable  for  accurate  integration  of  time  dependent  flows.  This  is 
illustrated  by  simulating  flows  with  known  exact  solutions.  However  one  needs  to  ensure 
that  the  grid  stretching  is  no  more  than  6-7%.  If  this  is  not  the  case,  the  derivatives  in  the 
computational  domain  used  in  the  convective  terms  are  computed  using  finite  difference 
approximations  with  the  stretching  explicitly  taken  into  account 

3.5  Boundary  conditions 

The  velocity  boundary  conditions  are  specified  as  usual.  At  the  inflow,  the  three  velocity 
components  are  specified  and  at  the  outflow  boundary,  they  are  extrapolated  from  the 
interior.  The  intermediate  velocity  components  are  extrapolated  to  either  of  these 
boundaries.  No  slip  condition  is  implemented  at  the  walls  and  the  intermediate  velocity  is 
extrapolated. 

For  the  Poisson  equation,  it  is  not  a  necessity  to  implement  boundary  conditions.  This  is 
because,  the  extrapolation  of  intermediate  velocities  to  the  half  points  for  calculation  of 
source  terms  makes  this  formulation  mimic  the  behavior  of  the  staggered  grid  formulation 
(see  Rosenfeld  [12]).  The  issue  of  boundary  conditions  for  pressure  in  staggered  grid 
formulations  where  aU  pressure  nodes  are  interior  to  the  domain,  has  been  discussed  by 
Kim  and  Moin  [13].  Gradient  of  pressure  is  equal  to  the  value  of  intermediate  velodty  at 
each  point  and  one  may  utilize  this  fact  to  implement  a  Neumann  boundary  condition  at 
the  boundary.  Better  ways  of  applying  boundary  conditions  on  non  staggered  grids  are 
available  [14]  which  are  more  expensive,  but  are  not  usually  required  except  for  in 
complex  waD  geometries. 

3.6  Stability  and  efficiency  of  the  numerical  scheme 

Stability  in  numerical  schemes  is  governed  by  two  factors.  The  first  is  the  inviscid  stability 
limit  called  the  CFL  condition.  The  second  is  the  viscous  stability  limit  which  usually 
becomes  restrictive  near  the  boundaries  and  is  expected  to  depend  on  the  local  shear 
stress.  If  the  CFL  number  is  defined  as  done  by  Van  Zang  [5],  the  time  integration  was 
found  to  be  stable  upto  a  value  of  CFL  as  high  as  2.5  in  cases  where  viscous  stability  is  not 
of  concern  (like  problems  with  periodic  or  symmetric  boundary  conditions).  However  as 
pointed  out  by  Choi  and  Moin  [15],  use  of  time  steps  equal  to  or  more  than  the 
Kolmogorov  time  scale  can  lead  to  erroneous  time  history  in  case  of  direct  numerical 


simulation  of  turbulent  Hows.  So  the  time  step  for  each  simulation  is  also  restricted  by  the 
relevant  physical  time  scales  in  the  flow  field. 

This  formulation  needs  storage  of  metrics  and  Jacobian  at  the  grid  points  and  metrics  at 
the  half  points.  Including  the  mesh  skewness  tensor  that  has  six  independent  components 
(because  of  symmetry),  the  storage  requirement  is  25  geometric  variables  per  grid  point 

The  accuracy  and  stabiUty  in  terms  of  CPU  time  requirements  are  illustrated  by 
application  of  the  method  to  various  problems  in  the  following  sections. 


4.  Numerical  results. 

4.1  Multigrid  Poisson  Solver 

The  performance  of  the  multigrid  as  against  a  single  grid  SLOR  simulation  is  presented  in 
Fig.  1.  The  convergence  of  the  schemes  is  plotted  against  the  CPU  time  required.  The 
convergence  is  quantified  by  the  norm  of  the  change  in  values  after  each  iteration.  In 
case  of  single  grid  simulations,  the  convergence  is  found  to  level  off  because  of  the 
persistent  low  wavenumber  errors.  The  multigrid  simulations  on  the  other  hand,  is  found 
to  wipe  out  errors  at  all  wavenumbers  quite  efficiently.  The  type  of  multigrid  cycle  that  is 
most  efficient,  is  found  to  depend  strongly  on  the  values  of  mesh  skevmess  tensor  and  not 
so  much  on  the  initial  conditions  for  the  iteration.  The  convergence  is  found  to  vary  with 
the  type  of  boundary  conditions  (Neumann  boundary  conditions  are  found  to  sloe  down 
the  convergence).  The  type  of  MG  cycle  to  be  used  for  each  simulation  (geometry)  is 
arrived  at  by  experimentation. 

4.2  Decaying  vortices 

The  present  numerical  code  is  tested  for  accuracy  using  the  analytical  solution  of  two 
dimensional  unsteady  Navier-Stokes  equations  for  the  case  of  decaying  vortices.  This  test 
case  was  used  by  Yan  Zang  [5]  and  several  other  researchers  before  to  test  their  schemes. 

The  exact  solution  is  given  by 

tt  =  -  cos(x)  sin(y) 

V  =  sin(x)  cos(y) 

p=  -l[cos(2x)+cos(2y)]e-""‘“ 

4 

A  cubical  domain  is  considered  for  the  simulations.  The  initial  solution  is  advanced  for  a 
non-dimensionless  time  of  20.0.  This  is  done  with  various  grid  resolutions.  This  wiU 
demonstrate  the  final  order  of  accuracy  of  the  scheme.  The  maximum  error  in  u  veloaty  is 
plotted  against  the  number  of  points  used  per  2Jt  length  in  each  direction,  in  Fig.  2.  As 


seen,  the  logarithmic  plot  has  a  slope  less  than  2.0  which  indicates  the  second  order  of 
accuracy  of  the  scheme. 

43  Isotropic  turbulence 

A  Direct  numerical  simulation  (DNS)  of  isotropic  turbulence  was  conducted  on  a 
64x64x64  grid.  Initialization  was  done  using  a  power  spectrum.  The  starting  Reynolds 
number  based  on  Taylor  microscale  was  32.0.  The  solution  was  advanced  over  a  non- 
dimensional  time  of  17.0.  The  flow  was  found  to  be  isotropic  in  course  of  the  whole 
simulation.  The  flow  field  (energy  spectrum)  eventually  becomes  self-similar  (as  shown  in 
Fig.  3.a  and  3.b).  The  decay  of  kinetic  energy  in  isotropic  turbulence  has  been  known  to 
follow  a  power  law  with  an  exponent  of  about  1.3  to  1.4.  Renormalization  group  theory 
due  to  Yakhot  and  Orszag  [16]  predicts  a  value  of  the  exponent  to  be  1.33,  while 
experiments  due  to  Warhaft  and  Lumley  [17]  predict  a  value  of  1.34.  There  is  still  no 
agreement  about  the  correct  value,  but  a  value  of  1.34  probably  comes  closest  to  being 
this  value.  In  the  present  case,  the  decay  rate  exponent  is  expected  to  be  between  1.32  and 
1.41.  The  uncertainty  in  this  prediction  is  due  to  the  fact  that,  the  state  of  the  flow  field  at 
early  stages  of  the  simulation  does  not  correspond  to  a  state  of  fully  developed  turbulence. 
In  fact,  the  turbulence  may  not  even  be  realistic  at  these  stages. 

The  finite  difference  methods  are  usually  found  to  have  numerical  dissipation.  This  is  due 
to  the  fact  that  the  leading  order  term  in  the  error  due  to  upwind  finite  differencing  often 
resembles  terms  that  are  responsible  of  dissipation  in  reality.  This  kind  of  error  keeps 
reducing  as  the  order  of  finite  difference  approximation  is  increased.  So  the  present 
simulation  has  been  conducted  using  different  order  upwind  and  central  approximations  to 
the  convective  term.  The  variation  of  kinetic  energy  as  predicted  by  each  of  these  is 
tabulated  in  Table.  1.  The  corresponding  values  predicted  using  a  spectral  code  have  ^so 
been  presented  for  comparison.  It  is  found  that  the  finite  difference  code  with  fifth  or  sixth 
order  convective  term  is  less  dissipative  than  the  spectral  code.  The  third  order  upwind 
differencing  of  the  convective  term  however  leads  to  more  dissipation.  The  spectral 
formulations  usually  have  been  found  to  be  less  dissipative  than  finite  difference 
formulations.  So  a  comparison  mentioned  above  is  a  good  test  for  the  acceptability  of 
present  formulation  for  long  time  simulation  of  flow  fields.  Though  third  order  upwind 
difference  seems  to  cause  excessive  dissipation,  the  error  involved  is  found  to  be  very 
small  and  wouldn’t  affect  the  results  substantially.  So  the  third  order  convective  term  is 
retained  for  use  in  test  of  the  studies. 

4.4  Laminar  Jet 

A  Laminar  circular  jet  was  simulated  using  the  present  code.  A  65  x  33  x  33  trapezoidal 
grid  is  used  for  this  simulation.  The  flow  in  this  case  is  axisymmetric.  The  farther  the  cross 
plane  contours  of  any  flow  quantity  are  from  axisymmetry,  the  more  the  error  due  to  use 
of  a  non  axisymmetric  grid  for  an  axisymmetric  problem.  Linear  stretching  was  used  in  all 
three  directions.  The  centerline  velocity  is  found  to  decay  as  inverse  of  axial  distance 
(corrected  for  inlet  profile  effects  by  making  use  of  a  virtual  origin).  The  variation  of 


inverse  of  axial  velocity  with  axial  distance  is  shown  in  Fig.  4a.  The  velocity  profiles 
downstream  are  found  to  be  self  similar  when  the  steady  state  is  reached.  The  profiles  at 
various  distances  away  from  the  nozzle  and  the  analytical  solution  (found  to  fit  with  the 
experimental  data  very  well)  are  shown  in  Fig.  4b.  The  momentum  flux  across  the  nozzle 
is  is  difficult  to  calculate  exactly  near  the  nozzle  because  of  the  use  of  very  few  points  in 
the  nozzle.  The  flux  in  the  simulation  can  be  calculated  using  the  velocity  field 
downstream.  However  the  decay  rate  is  predicted  correctly  and  one  can  conclude  that  the 
momentum  flux  is  conserved. 


4^  Mixing  Layer 

Stability  and  structural  characteristics  of  the  temporally  evolving  mixing  layer  are  studied 
in  this  section.  The  case  with  hyperbolic  tangent  profile  has  been  studied  extensively  by 
several  researchers  [18  , 19].  The  disturbance  is  prescribed  as  a  superposition  of  first  few 
eigen  modes  (both  2D  and  3D)  and  the  amplitudes  of  each  of  these  modes  are  specified. 
The  eigen  functions  for  this  problem  can  be  found  in  [19]. 

T  tnpar  growth  rate  of  the  first  mode  is  studied  as  a  function  of  amplitude  of  the  first  2D 
mode.  This  eigen  value  problem  has  previously  been  studied  by  Michalke  [19].  The 
amplification  of  first  2D  mode  is  computed  for  different  wavenumbers.  The  results  are 
compared  in  Table.  2. 

The  structure  of  the  roll  up  was  studied  for  2D  and  3D  modes.  The  contours  of  vorticity 
for  the  roll  up  due  to  3D  initial  disturbance  are  plotted  in  Fig.  5a.  Iso  surfaces  of  vorticity 
magnitude  are  shown  for  the  case  of  3D  mode  in  Fig.  5b. 

With  the  initialization  similar  to  that  used  by  McMurtry  [1]  for  the  species  concentrations 
in  his  study  of  low  Mach  number  analysis  of  reacting  mixing  layers,  the  present  code  was 
used  to  study  the  effect  of  heat  release  on  the  flow  field.  Three  cases  with  Ce  =  0 , 5  and 
10  were  studied.  It  is  found  that  heat  release  delays  the  roll  up  (for  the  reasons  pointed  out 
by  McMurtry  etal  [1]).  The  mean  velocity  and  temperature  profiles  are  given  in  Fig  5c  and 
5d.  The  product  formation  profiles  across  the  mixing  layer  are  plotted  in  Fig  5e.  AU  these 
simulations  are  at  same  values  of  parameters  except  for  Ce  and  are  conducted  on  a  32  x 
32  X  32  grid  It  is  found  that  the  product  formation  is  hindered  by  heat  release,  which  is  in 
quaUtative  agreement  with  deductions  of  McMurtry  etal  [1].  The  product  formation  is 
found  also  to  depend  strongly  on  the  amplitudes  of  the  initiaUy  prescribed  disturbances. 
Quantitative  comparison  is  hence  not  possible  since  the  values  of  these  amplitudes  used  by 
McMurtry  etal  [1]  are  unknown. 


4.6.1  Couette  flow 


Direct  numerical  simulation  of  turbulent  Couette  flow  at  a  Reynolds  number  of  5200 
based  on  relative  wall  velocity  and  distance  between  the  plates,  was  conducted  on  a  65  x 
49  X  49  grid.  Couette  flow  was  chosen  as  a  test  problem  for  DNS  of  a  wall  bounded  flow 
because  of  the  inherent  complexity  of  the  wall  driven  flows  over  the  pressure  driven  flows. 
Also  Couette  flow  has  received  much  attention  recently  as  a  problem  used  to  study 
turbulence  in  wall  bounded  flows  [20, 21, 22]. 

One  other  reason  for  choosing  this  problem  is  that  the  present  DNS  would  serve  to 
validate  subgrid  model  for  Large  Eddy  Simulation  (LES).  Large  Eddy  Simulations  have 
needed  special  attention  in  the  vicinity  of  the  wall  because  of  the  near  wall  non-equilibrium 
structure.  Problems  like  flow  through  a  channel  have  received  greater  attention  in  this 
regard.  The  present  study  would  concentrate  on  near  wall  behavior  of  wall  driven  shear 
flows.  There  however  is  also  another  interesting  feature  of  the  Couette  flow.  That  is  the 
existence  of  strong  long  range  correlation  in  the  flow  direction  esipecially  near  the  core 
region.  This  is  because  of  the  long  vortex  streaks  in  the  core  region.  The  information 
regarding  such  turbulent  structure  is  embedded  in  the  second  order  velocity  correlations. 
One  would  in  reality  need  complicated  theories  like  two  point  closure  to  study  these 
structures.  The  question  whether  a  single  point  closure  like  the  present  one  equation  LES 
be  able  to  account  for  these  features  would  be  considered  here. 

The  two  point  correlations  depend  on  the  length  of  the  domain  along  the  flow  direction  (in 
both  experiments  and  numerical  simulations).  This  differences  in  this  length  may  to  some 
extent  explain  the  scatter  of  single  point  statistics  like  RMS  values  of  velocities  in  the  core 
region,  between  various  simulations  and  experiments.  Being  the  longest  of  all  simulations 
performed  in  this  study,  the  efficiency  of  the  method  can  be  deduced  from  this  simulation. 
The  code  gives  a  performance  of  about  480  Mflops  on  Cray-C90  rated  at  1  Gflop  and 
advances  75  time  steps  in  one  minute.  This  gives  a  timing  of  5.12  micro  seconds  per  time 
step  per  grid  point. 

The  results  of  the  present  DNS  study  (mean  velocity  profile  and  single  point  statistics)  are 
presented  in  Fig.  6a  and  6b  along  with  experiment^  results  and  those  fiom  computations 
on  a  much  finer  grids.  Fig.  6g  shows  the  streamwise  velocity  variation  along  a  plane 
normal  to  the  mean  flow.  The  turbulent  bursts  at  distinct  locations  which  are  equally 
spaced  near  the  wall  can  be  seen  in  the  picture.  This  suggests  the  existence  of  A  -  vortic^ 
even  though  the  resolution  is  barely  enough  for  a  DNS.  In  Fig.6h,  contours  of  vorticity 
magnitude  near  the  wall  are  shown.  There  seem  to  be  spots  in  the  wall  layer  with  intense 
vorticity  magnitude.  This  is  in  agreement  with  the  known  fact  that  the  near  wall  flow  has 
coherent  vortex  structures  of  considerably  higher  vorticity  than  the  surroundings.  As  far  as 
the  geometry  of  these  structures  is  concerned,  one  would  near  much  higher  resolution  for 
the  simulation  for  prediction  of  correct  shape  and  expanse  of  these  structures. 

4.6.2  LES  Model 

A  one  equation  model  with  dynamic  evaluation  of  model  coefficients  based  on  scale  self 
similarity  (proposed  by  Kim  and  Menon  [23])  was  used  for  the  LES.  This  model  has 


shown  good  promise  recendy  but  needs  critical  evaluation  for  wall  bounded  flows.  This 
model  leUes  on  the  existence  of  a  self  similar  range  of  scales  in  turbulence  at  the  level  ot 
resolved  scale.  The  self  similar  structure  having  strong  scaling  laws  is  a  charactensuc  of 
scales  at  which  the  time  scales  are  very  small  leading  to  equilibrium.  This  assumption  is 
however  not  valid  for  the  near  wall  regions  where  the  flow  has  bursts  of  vortex  structur^ 
and  is  in  a  state  of  non  equilibrium.  So  use  of  this  assumption  in  the  near  wall  region  l^ds 
to  extremely  high  values  of  dissipation  model  coefficient  So  we  assume  that  the  flow  is  m 
a  state  of  equilibrium  and  has  spectrum  that  is  valid  both  in  the  inertial  range  and  the 
dissipation  range.  This  is  very  essential  because  the  flow  is  weU  resolved  to  a  sc^e  pretty 
close  the  dissipation  scale  near  the  wall  (for  reason  that  involves  proper  resolution  of  the 
wall  shear  stress).  The  derivation  of  the  proposed  modification  is  given  in  the  Appendix . 


Fig.  6c  and  6d  have  the  results  obtained  from  LES  simulations  at  Re=p00  and  8200 
conducted  on  a  49  x  33  x  33  grid.  The  results  match  closely  to  tho^  obtained  from  DNS 
in  case  of  5200  Re  case.  The  instantaneous  values  of  model  coefficients  are  shown  in  Fig 

6e. 

Fig.  6f  shows  the  mean  profiles  of  subgrid  kinetic  energy  non-dimensionalized  using  wall 
friction  velocity,  for  two  different  Re.  At  a  given  resolution,  more  energy  would  be  found 
in  the  unresolved  scale  for  a  higher  Reynolds  number.  It  is  seen  that  as  the  Re  increases 
the  subgrid  kinetic  energy  increases  rapidly.  The  component  wise  decomposition  of 
subgrid  kinetic  energy  is  not  possible.  As  a  first  approximation  we  can  assume  that  the 
scales  are  isotropic  and  divide  it  equaUy.  However  factors  like  grid  aspect  ratio  and  local 
strain  may  in  reality  render  this  assumption  invalid  in  reality. 

4.7  Turbulent  judsymmetric  jet 

The  circular  turbulent  jet  is  a  very  good  test  problem  for  LES.  Although  of  significant 
importance  in  terms  real  life  applications,  this  problem  has  not  received  much  attention  in 
terms  of  LES  in  the  past.  This  is  because  many  models  reduce  to  mixing  length  models  for 
plane  shear  layers  and  using  these  problems  as  test  cases  leads  to  a  model  that  would  fail 
in  flows  in  the  next  hierarchy  of  difficulty  such  as  flows  with  axisymmetry  and  secondapr 
flow  patterns.  Therefore  to  date,  no  turbulence  model  has  been  able  to  predict  comedy 
the  spreading  rate  of  a  circular  jet  without  some  corrections  specific  to  this  problem.  The 
prediction  of  spreading  rate  is  directly  related  to  the  way  in  which  the  production  and 
dissipation  terms  are  modeled.  This  would  serve  as  an  evaluation  process  for  the  dynamic 
evaluation  of  model  coefficients. 

A  circular  wall  jet  with  parabolic  mean  velocity  profile  was  siinulated  at  a  Reynolds 
number  of  KKX)  (based  on  maximum  mean  inlet  velocity  and  inlet  diameter).  The  l®ngm  in 
the  axial  direction  upto  which  the  simulation  was  conducted  is  20  diameters.  A  65x33x33 
grid  was  made  use  of,  in  this  simulation.  The  flow  was  forced  at  the  inlet  usmg  five 
discrete  Strouhal  numbers.  Each  frequency  was  associated  with  a  parabolic  spatial  mode 
of  forcing  for  axial  velocity  with  amplitude  of  4,0%.  This  kind  on  inlet  veloaty 


specification  leads  to  a  very  slow  growth  of  kinetic  energy  in  the  shear  layer  in  axial 
direction.  In  reality,  the  RMS  velocity  should  have  much  higher  value  near  the  wall  of  the 
nozzle  as  compared  to  the  core  unlike  the  present  case  where  the  maximum  value  is  found 
at  the  centreline.  As  to  the  specifiation  of  the  subgrid  kinetic  energy  at  the  inlet,  it  is  still 
an  unresolved  issue.  For  the  present  simulation,  a  value  proportionEd  to  the  kinetic  energy 
of  the  forcing  modes  is  used. 

The  centerline  axial  velocity  decay  with  axial  distance  for  this  simulation  is  shown  in  Fig. 
7a.  The  decay  of  RMS  resolved  scale  velocity  flucuations  is  plotted  in  Fig  7b.  It  is  found 
that  the  axial  velocity  decay  is  inversely  proportional  to  the  axial  distance  which  is  in 
qualitative  agreement  with  the  experimental  data.  The  turbulent  kinetic  energy  decay  is 
inversely  proportional  to  the  downstream  distance  once  the  self  similar  region  is  reached  in 
experiments.  A  similar  trend  was  predicted  at  the  downstream  end  of  the  simulation.  The 
velocity  profiles  at  various  downstream  locations  are  shown  in  Hg  7c.  The  subgrid  kinetic 
energy  profiles  at  three  locations  that  are  not  in  the  self  similar  region  are  shown  in  Fig 
7d.  It  is  found  that  the  subgrid  kinetic  energy  has  a  maximum  value  in  the  shear  layer 
formed  at  a  radial  distance  that  is  close  to  the  radius  of  the  nozzle.  This  is  an  indication 
that  the  shear  layer  has  not  collapsed  as  yet  and  hence  we  cannot  expect  self  similarity  at 
these  locations. 

Fig.  It  shows  the  vorticity  distribution  along  the  axial  palne  of  the  jet.  The  closed 
contours  that  are  on  either  sides  of  the  centerline  indicate  the  presence  of  shear  layer.  A 
fully  developed  turbulent  flow  would  not  have  such  structures,  instead  one  can  expect 
these  structures  to  have  break  up  into  smaller  structures  with  no  coherence  and  completely 
random  when  visualized.  To  show  the  extent  of  unsteadiness  due  to  forcing,  the  radial 
velocity  distribution  on  an  axial  plane  is  shown  in  Fig.  7f.  As  is  seen,  there  is  entrainment 
of  the  flow  from  the  boundaries.  The  unsteady  forcing  seem  to  persist  for  a  long  time 
downstream.  When  a  jet  undergoes  transition  and  becomes  fully  turbulent,  the  forcing  is 
not  of  much  consequence.  The  unsteadiness  is  used  to  excite  some  spatial  modes  that 
force  a  fast  transition.  Hence  in  the  present  case,  Fig  7f.  suggests  that  the  jet  needs  to 
simulated  for  a  larger  downstream  distance  to  achieve  fully  turbulent  self  similar  structure 
of  the  flow. 

While  there  is  a  qualitative  agreement  between  the  results  from  this  simulation  and  the 
experimental  results,  the  quantitative  comparison  is  not  yet  possible.  This  is  because  a 
method  of  providing  inlet  conditions  at  the  nozzle  that  correspond  to  realistic  turbulence  is 
not  available  as  yet.  The  behavior  of  the  model  near  the  wall  along  which  there  is 
entrainment,  is  not  completely  understood.  Further  the  flow  at  the  jet  boundary  is  found  to 
be  intermittent  and  this  may  require  special  attention  in  LES. 

Conclusion 

An  implicit  scheme  has  been  proposed  for  use  in  time  advancement  of  the  solution  of 
Navier  Stokes  equations  on  a  non  staggered  grid.  The  accuracy  of  the  scheme  has  been 
looked  into  by  simulation  of  various  laminar  and  turbulent  flows.  The  stability  of  the 


perturbation  method  in  order  to  include  effects  of  heat  release  was  demonstrated  by 
simulation  of  a  reacting  temporal  mixing  layer  where  the  final  temperature  ratio  between 
the  maximum  and  the  minimum  values  was  found  to  be  more  than  2.5,  This  method  would 
serve  as  a  workbench  for  future  work  in  LES  of  turbulent  and  reacting  flows. 

The  LES  model  used  in  this  study  has  been  found  to  successfiiUy  work  for  the  low 
Reynolds  number  wall  bounded  flows.  The  model  performance  at  higher  Re  remains  to  be 
seen.  The  flow  structure  near  the  wall  at  higher  Re  is  rather  complicated  and  it  may  not  be 
possible  to  capture  all  the  physics  in  this  region  using  a  simple  one  equation  LES.  So  the 
main  issue  would  be  to  stabilize  the  simulation  in  the  near  wall  region.  This  was  very 
found  to  be  very  crucial  near  the  wall  in  the  jet  simulation  where  the  entraining  flow  is  not 
necessarily  turbulent 

The  present  model  needs  initialization  of  the  subgrid  kinetic  energy  at  start.  TOs  issue  is 
trivial  in  temporal  problems  as  subgrid  kinetic  energy  would  evolve  in  time  with  the  mean 
flow.  In  spatially  evolving  flows,  the  spatial  evolution  of  the  flow  field  greatly  depends  on 
the  inflow  conditions  for  the  subgrid  kinetic  energy.  The  filtered  velocity  is  also  unsteady 
in  such  problems.  This  unsteadiness  should  be  representative  of  the  turbulence  at  the  inlet 
This  issue  is  not  restricted  to  the  present  model  but  also  to  the  algebraic  models  that  are 
often  used  for  LES. 

One  other  issue  important  towards  the  comprehensive  development  of  an  LES  model  is 
one  of  grid  anisotropy.  Very  little  work  has  been  done  in  this  area.  Much  of  the  work 
relied  on  use  of  either  the  RMS  or  the  harmonic  mean  of  the  grid  filter  widths  in  each 
direction,  as  an  effective  isotropic  filter  width.  Some  corrections  for  the  case  of 
anisotropic  grids  was  proposed  by  Scotty  etal  [24]  based  on  theoretical  analysis  but  has 
never  been  applied  in  an  actual  simulation  to  the  best  of  the  knowledge  of  the  present 
authors.  Work  along  this  direction  would  be  future  direction  of  research. 
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Appendix 

We  consider  the  spectrum  deduced  from  experiments  by  Pao  [25]. 

E(,k)  =  k~^'^  exp^-|^a(ifeT|)^”  j  ,  where  a  is  a  constant  with  value  around  1.5. 

The  subgrid  scale  dissipation  for  the  spectral  cutoff  filter  (with  cotuff  ^^)can  now  be 
calculated  as 


Now  the  total  dissipation  can  be  obtained  in  terms  of  subgrid  kinetic  energy  and  the 
resolved  scale  by  integration  of  energy  spectrum  over  unresolved  scales  as  follows. 


■Q 

k‘*‘  =  jEik)dk 

*c 

On  substituting  the  Kolmogorov  form  of  the  energy  spectrum  for  the  inertial  range(since 
dissipative  scales  have  very  little  contribution  to  the  total  energy),  we  get 


where  A  = 


K 


On  substituting  this  expression  into  the  equation  for  subgrid  dissipation  and  using  the 
definition  of  Kolmogorov  scale  in  terms  of  dissipation  and  viscosity,  we  can  get  an 
expression  for  subgrid  dissipation.  The  filter  that  is  used  in  the  present  simulation  is  a  box 
filter  whereas  this  derivation  is  for  a  spectral  cuttoff  filter.  But  as  is  usually  known,  the 
functional  form  of  equations  in  LES  do  not  change  with  filter  type,  only  the  model 
constants  are  different.  So  finally  the  subgrid  dissipation  can  be  written  as 


Now  the  model  coefficients  correspond  to  a  box  filter.  The  first  of  the  constants  is 
evaluated  dynamically  while  the  second  is  put  to  1.0  for  the  preliminary  investigation.  The 
form  of  the  spectrum  assumed  is  valid  also  for  the  inertial  range  and  so  this  expression  for 
dissipation  can  be  used  through  out  the  domain.  This  would  take  care  of  the  effects  of  the 
dissipation  range  wherever  it  is  resolved. 


Table  1 


Comparison  of  kinetic  energy  decay  in  isotropic  turbulence  simulated  using  the  present 
code  with  various  stencils  for  convective  operator  and  a  spectral  code 


time 

spectral  code 

present  code 
with  3rd  order 
convective 
term 

present  code 
with  5rd  order 
convective 
term 

present  code 
with  6rd  order 
convective 
term 

4.4869e-03 

4.4869e-03 

4.4869e-03 

4.4869e-03 

2.0 

3.5626e-03 

3.5593e-03 

3.5724e-03 

3.5756e-03 

4.0 

2.9195e-03 

2.9152e-03 

2.9283e-03 

2.9325e-03 

6.0 

2.4517e-03 

2.4466e-03 

2.4575e-03 

2.4622e-03 

8.0 

2.0995e-03 

2.0930e-03 

2.1016e-03 

2.1065e-03 

Table  2 

Variation  of  amplification  with  wavenumber  of  a  2D  disturbance  in  temporal  mixing  layer 
with  hyperbolic  tangent  initial  velocity  profile 


Wavenumber 

Amplification 

Amplification 

(Michalke's 

(Computation  with 

computations) 

present  code) 

0.3 

0.08654 

0.08611 

0.4446 

0.09485 

0.09466 

0.6 

0.08650 

0.08639 

L-innnity  norm  of  the  change  Is  solution 


1.0e-02 
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FIG.  1.  Comparison  of  rate  of  convergence  of  multigrid  scheme  with  regular  SLOR  scheme 
(when  run  on  a  SGI  challenge  workstation) 


FIG.  2.  Variation  of  maximum  error  In  u  with  number  of  grid  points  used  for  the  simulation 
(error  against  exact  values  computed  after  dimensionless  time  of  20.0) 
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FIG.  4a.  Centre  line  velocity  decay  as  a  function  of  downstream  distance 
(X  Is  the  distance  from  the  virtual  origin) 


RG.  4b.  Velocity  profiles  at  various  downstream  locations 


FIG  5b  Isolevel  surface  of  vorticity  magnitude  for  a  3D  roll  up  of  mixing  layer 

(t  =  25.0) 
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RG.  5c.  Velocity  profile  across  the  mixing  layer 
at  t  c  25.0 
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RG  5d  Average  temperature  profile  across  the  ml)dr»g  layer 

at  t «  25.0 
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FIG.  6a.  Mean  velocity  profile  in  Couette  (low 
Res  5200 


FIG.  6b.  One  point  statistics  In  Couette  flow  (RMS  values  of  fluctuating  velocities) 

All  RMS  values  rK>n>dimensiona)ized  using  u* ,  all  data  collected  at  around  Re  of  5200 


rms  values  of  velocity 


FIG.  6c.  Comparison  of  DNS  and  LES  mean  velocity  profiles 


FIG.  6d.  RMS  values  of  velocttles  In  Couette  flow 
Alt  RMS  values  non-dimenslonalized  using  u' 
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FIG.  6f.  Mean  subgrid  kinetic  energy  profile 
(norwfimenSonalized  with  square  of  u*) 


FIG.6g.  Streamwise  velocity  distribution  in  Y2  plane  of  Couette  flow 
(wall  velocity  is  in  X  direction  and  Y  is  the  wall  normal  coordinate) 
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FIG.6h.  Distribution  of  Vorticity  magnitude  in  XZ  plane  of  Couette  flow 
(wall  velocity  is  in  X  direction  and  Y  is  the  wall  normal  coordinate) 


RMS  of  velodty  fluctuations 


FIG.  7a.  Centreline  velodty  decay  In  a  turbulent  axisymmetric  |et 
(Re  c  1000  based  on  nozzle  diameter  and  mean  centreline  velodty  at  the  Inlet) 


FIG.  7b.  Axial  variation  of  RMS  resolved  scale  velodty  fluctuations  In  a  turbulent  |et 

(Re  « 1000) 
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RG.  7d.  Mean  subgrid  kinetic  energy  profiles 
(subgrid  k  scaled  with  square  of  centerline  velocity) 
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FIG.7e.  Vorticity  distribution  in  an  axial  plane  of  a  turbulent  jet 
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FIG.7f.  Radial  velocity  distribution  in  an  axial  plane  of  a  turbulent  jet 
(forced  jet  with  entraining  boundaries) 


Draft  Paper  Submitted  for  Presentation  at  the^ 

34th  AIAA  Aerospace  Sciences  Meeting  and  Exhibit 
January  IS'18, 1996 

High  Reynolds  number  flow  simulations  using 
the  localized  dynamic  subgrld-scale  model 

Suresh  Menon  wid  Won«Wook  Kim 
School  of  Aerospace  Engineering 
Georgia  Institute  of  Technology 
Atlanta,  Georgia 
phone:  (404)  853-9160 

e-mail:  menon@falcon.ae.gatech.edu 


1.  Introduction 

The  dynamic  subgrid-scale  (SGS)  model,  introduced  by  Germano  etal.  (1991), 

applied  to  various  types  of  flow  fields  (Moin  et  al.,  1991;  Piomelli,  1993;  Zang  er  al.,  ,  '  ^ 

al  1994*  Ghosal  et  al.,  1995).  Two  features  of  this  model  are  typically  emphasi^d  in  the  bterature. 

?t;t!^e  mli  is  determined  as  a  pan  of  the  soluUon  and 

drawback  of  the  earlier  eddy  viscosity  type  SGS  models  (e.g.,  Smagonnskys  (1963) 

their  inability  to  model  correcdy  the  unresolved  subgrid  stresses  in  different  types 

fields  with  a  single  universal  constant  Second,  as  a  result  of  the  dynamic  evaluauon,  the  motte 

S^cient  can  bKome  negative  in  cenain  regions  of  the  flow  fieU  and  tto,  appears  to  have  the 

capability  to  mimic  backscatter  of  energy  from  the  subgnd-scales  to  the  resolved  scales. 

Although  it  has  been  shown  that  the  Germano  et  al.'s  model  is  superior  to  the  conventional 
cStt  mSel,  the  dynamic  method,  as  developed  earlier,  still  hp  some  dmwb^b 
d^backs  originate  from  a  weakness  of  the  Smagorinsky's  model  used  in  Germano  et  ^.  s  dynamic 
waTftom  the  mathematically  inconsistent  derivaUon  and  the  ill^ondiuonmg  of  tte  W 
foimulation  itself,  the  Sraagotinsky's  time-independent,  alpbraic  eddy  vi«osiy  ® 

Germano  et  a/’s  dynamic  model  is  derived  by  assuming  local  equilibrium  between  the  SGS  energy 
STSn  a^d  dSn  rate.  Thus,  non-loial  and  history  effects  of  the  turbulence  evoluuon^ 
wmpletely  neglected  in  this  model  Also,  as  noted  by  the  original  authors,  the  d)^c  model 
empfoying  Gemano  et  ai:s  mathematical  identity  cannot  guarantee  stable  numencal  ^ 

popularapproach  to  stabilize  the  simulations  is  spatial  averaging  of  the  model  coefficient 
^  flow  homogeneity.  This  has  been  quite  successful  in  simple  flows  such  as 
However,  smce  complex  flows  do  not  have  any  direction  of  flow 

averaging  procedures  are  required  and  have  been  recently  proposed  (e.g.,  Zang  et  al.,  1993,  Menev^ 
r^ri99r^  and  hiSon.  1995).  Although  good  results  have  been  demons«ted  using  tiie« 

methods,  local-averaging  approaches  are  still,  in  general,  unacceptable  v^Pthod. 

carried  out  only  to  avoid  numerical  instability,  and  has  notWng  to  do  wiA  the  ynarm 
Therefore,  a  truly  robust  dynamic  model  must  be  able  to  provide  -a  stable  and  accurate  solution  g 
local  values  of  the  coefficient  that  vary  both  in  time  and  space. 

Recendv  Kim  and  Menon  (1995)  developed  a  new  localized  dynamic  fonnulaUon  assreUted  with  fte 
SSS^Lel »  avoid  almgeto  local-  or  global-avem^ng  and  m  ««"<>« 
inciSsency  and  the  ill-conditioning  problem  that  occurs  when  employing  Germano  et  al-i 


mathematical  identity  in  the  dynamic  approach.  This  model  provides  a  straightforward  localized 
evaluation  of  the  model  coefficients  and  does  not  cause  numerical  instability.  They  applied  the  localized 
dynamic  model  to  Taylor-Green  vortex  flows  and  show  that  this  model  predicts  the  turbulent  flow  field 
more  accurately  tiian  the  conventional  dynamic  models  such  as  the  dynamic  algebraic  SGS  (DASGS) 
model  and  the  local-averaged  dynamic  Idnetic  energy  equation  (DKSGS)  model  The  main  tdyective  of 
tins  p^r  is  to  further  investigate  the  properties  of  the  localized  dynamic  model  and  then,  eventually, 
extend  the  model  to  high  Reynolds  number  flows.  The  properties  of  the  model  have  been  studied  in  the 
point  of  view  using  realizability  conditions  and  Galilean  invariance  and  on  practical  grounds 
by  applying  it  to  Taylor-Green  vortex  flows,  decaying  and  forced  isotropic  turbulence  and  turbulent 
mixing  layeis.  The  results  are  compared  with  predictions  using  experiments,  direct  numerical  simulation 
and  large-eddy  simulations  using  the  DASGS  model  and  the  local-averaged  DKSGS  model 

The  numerical  simulations  were  carried  out  using  a  finite-difference  code  that  is  second-order  accurate 
in  time  and  fifth-order  (the  convective  terms)  and  sixth-order  (the  viscous  terms)  accurate  in  space 
using  upwind-biased  differences  (Rai  and  Moin,  1991).  Time-accurate  solutions  of  the  mcompressible 
Navier-Stokes  equations  are  obtained  by  the  artificial  compressibility  approach  (Chorin,  1967;  Rogers 
et  al,  1991)  which  requires  subiteration  in  pseudotime  to  get  the  divergence-free  flow  field.  A 
ognificant  acceleration  of  the  convergence  to  a  steady-state  divergence-free  solution  in  pseudotime  is 
achieved  by  incorporating  the  full  approximation  scheme  (FAS)  multigrid  concept  proposed  by  Brandt 
(1981)  (Menon  and  Yeung,  1994),  this  code  was  validated  by  carrying  out  DNS  of  decaying 

isotropic  turbulence  and  comparing  the  resulting  statistics  with  the  predictions  of  a  well  known  psuedo 
spectral  code  (Rogallo,  1981). 

In  the  next  section,  various  dynamic  SGS  models  are  described  with  the  basic  equations  indicating  their 
advantages  and  drawbacks.  In  section  3,  we  tqjply  the  localized  model  to  Taylor-Green  vortex  flow, 
decaying  and  force  isotropic  turbulence  and  mixing  layers.  The  results  are  briefly  presented  here.  Future 
work  is  mentioned  in  section  4. 


2.  Dynamic  subgrid-scale  modeling 

In  physical  space,  the  incompressible  Navier-Stokes  equations  for  LES  are  jehieved  by  low-pass 
filtering  of  a  computational  mesh  (hence,  the  characteristic  length  of  this  filler  is  A )  as  follows, 


(1) 


dr 


+«i 


(2) 


where  2;  (x,.,r)  is  the  resolved  velocity  field  and  the  SGS  stress  tensor  is  defined  as: 


In  order  to  close  equations  (1)  and  (2),  one  needs  to  model  in  terms  of  the  resolved  velocity  field  u^. 
Eddy  viscosity  model  assumes  proportionality  between  the  anisotropic  part  of  the  SGS  stress  tensor, 
t#  8|X*k,  and  the  resolved  scale  strain  rate  tensor,  S^: 


where  Vy  is  the  eddy  viscosity  and 


(5) 

■  a*,/ 

5 

Simple  (fimendonal  arguments  suggest  that  the  eddy  viscosity,  v,.  should  be  ^ven  by  •*«  ^ 

vdJdty  scale  and  a  length  scale.  In  LES,  the  length  scale  is  usu^y  lelated  to 
vaiiotB  models  differ  in  their  ptescripUon  for  the  velocity  scale.  In  Smagonnskys  (1%3)  modd 
algebraically  described  velocity  scale  is  obtained  by  assui^g  that  “ 

croduction  and  dissipation  in  the  smaU  scales.  One-equaupn  SGS  model  (Schumann,  1975,  Yoslua  ^ 

solves  a  transport  equation  for  the  SGS  kinetic  energy  to  provide  the 

velocity  scale. 

Dynamic  SGS  models  have  recenfly  received  the  most  attention.  of  m^l  t^  Ae  e^y 

type  model  as  a  base  model  and  incorporates  the  sumlanty  concept  ^^dina  ^ 
et  al  1994)  to  dynamically  compute  the  model  coefficients.  To  date,  two  typical  dynMuc  m 
J^’si«t^d.orS7^«miJ  algebraic  SGS  model  (Germane  « W') 

^  Sm^agorinsky’s  model,  and  the  other  is  dynamic  one-equation  SGS  model  (Ghosal  et  aU  1995,  Kim 

and  Menon,  1995)  based  on  the  SGS  kinetic  energy. 

2.1.  Dynamic  Algebraic  Subgrid-Scale  (DASGS)  Model 

The  simplest  model  which  predicts  the  global  energy  transfer  wiUi  acceptable  accuracy  is  the  algebraic 
eddy  viscosity  model  originally  proposed  by  Smagorindcy  (1963): 

where,  the  model  coefficient  is  equivalent  to  the  square  of  the  Smagorinsky’s  constant,  and 
Isl  =  {2Sl  c^  requires  adjustment  for  different  flows.  A  large  number  of  studies  have  been  devoted 
to  fine-mring  c,  for  various  flows  of  interest  This  problem  was  circumvented  by  using  a  d^c 
procedure  (Ckrmano  etaL  1991)  which  implements  a  direct  evaluation  of  c^.  In  the  dynamic  moling 
approach,  a  mathematical  identity  between  the  stresses  resolved  at  the  grid  filter  A  and  a  test  fUter 
(typically  A  =  2A)  is  used  to  determine  the  model  coefficient  c^.  In  the  present  study,  we  employ  the 
Zm  lt  fof  tbe  ms.  fUmriug  which  is  cousitiereti  .ppropriam  for  “ 

ph^cal  space.  Thus  if  the  application  of  ihe  test  filler  on  any  varisble  ♦  u  denoted  by  ♦  or  <b>.  It  can 

be  shown  that: 


where. 


(7) 

(8) 


is  the  SGS  stress  tensor  defined  at  the  test  filter  level  Assuming  self-similarity  of  the  subgrid  stresses, 
one  can  model  7^  in  the  same  way  as  x ^ : 


(9) 


7,=-2c,A’|f|?,+*8,r. 

Combining  (6),  (7)  and  (9),  an  equation  for  can  be  obtained: 

=  '(10) 

where 

M,— (A’|!|f,-A>(|ilJ,)).  (11) 

Equation  (10)  is  a  set  of  five  independent  equations  for  one  unknown  c^.  To  minimize  the  error  that 
can  occur  solving  this  over>determined  system,  Lilly  (1992)  proposed  a  least  square  method  which 
yields 


(12) 


While  the  Geimano  et  al's  dynamic  model  has  been  used  successfully,  some  drawbacks  of  this  model 
are  worth  noting.  First,  in  spite  of  a  large  spatial  variation  of  the  model  coefficient,  it  is  taken  out  of  the 
spatial-filtering  operation,  as  shown  in  (10),  as  if  it  were  a  constant  in  space.  Local  values  of  the  model 
coefficient  as  a  function  of  space  are  then  sought.  This  mathematical  inconsistency  decreases  the 
accuracy  of  the  dynamic  model.  Second,  the  resulting  equation  (12)  for  is  ill-conditioned  because  the 
denominator  of  this  expression  (i.e.  M^)  comes  from  the  algebraic  manipulation  of  two  base  models 

defined  at  difierent  filtering  levels  and,  l^nce,  it  can  become  very  small  causing  numerical  instability. 
These  two  drawbacks  are  directly  related  to  the  Germano  et  al*s  mathematical  identity  (7).  Finally, 
another  drawback  is  the  prolonged  occurrence  of  negative  model  coefficient  in  the  flow  field  (negative 
model  coefficient  is  possible  since  can  become  negative)  w^ch  has  also  been  shown  to  cause 

numerical  instability  (Ghosal  et  «/.,  1993).  This  drawback  appears  to  result  from  the  nature  of 
Smagorinsky's  model  used  as  a  base  model  in  the  Germano  et  al.'s  dynamic  formulation.  A  possible 
resolution  of  all  these  deficiencies  will  be  discussed  in  the  following  sections. 


In  this  paper,  we  refer  to  the  original  Germano  et  al.'s  dynamic  formulation  incorporated  with 
Smagorinsky's  model  as  the  dynamic  algebraic  subgrid-scale  (DASGS)  model 


2.2.  Dynamic  k-Equation  Subgrid-Scale  (DKSGS)  Model 
A  one-equation  model  for  the  subgrid-scale  kinetic  energy, 

in  die  following  form  (e.g.  Yoshizawa,  1991), 


(13) 


(14) 


has  been  studied  recently  (Menon  and  Yeung,  1994;  Menon  etaU  1994).  Here,  the  three  terms  on  Ae 
right-hand-side  of  (14)  represent,  respectively,  the  production  rate,  the  d^ip^on  ® 

transport  rate  of  k^.  The  SGS  stress  tensor  is  modeled  in  terms  of  the  SGS  eddy  viscosity  Vy 


*^as: 

where  __ 


(15) 

(16) 


Here,  c  is  an  adjustable  coefficient  that  is  determined  dynamically,  as  shown  below.  As  shovm  in  (16), 
Vr  has  the  form  which  is  used  in  a  standard  one-equation  model  for  Rejmolds-averaged  Navier-Stokes 
computation.  Equation  (14)  is  closed  by  providing  a  model  for  the  dissipation  rate  term,  e.  Using 
simple  scaling  arguments,  e  is  usually  modeled  as. 


e 


(17) 


where,  Cj  is  another  coefficient  that  is  also  obtained  dynamically. 

An  important  feature  of  this  model  is  that  no  assumption  of  local  ^uiUbrium  between 
energy^uction  and  dissipation  rate  has  been  made.  That  is  the  direct  computation  of  the  subgnd^ 
scale  kLtic  energy  implemented  in  this  model  can  account  for  some  non-l^al  and  history  effate 
which  are  completely  neglected  in  the  algebraic  model  described  in  section  2.1.  Therefore,  it  is  expec 
(md  demonsmted  to  thh  paper)  dial  this  model  wfll  give  better  predicUons  of  the  SOS  stresses  than  the 
algebraic  model  especially  as  the  computation  mesh  becomes  coarser. 

Die  dynamic  modehng  method  is  applied  to  the  t-equation  subgrid-scale  mojl  to  obtain 

values  rfUte  coefficients  c,  and  c,.  To  implement  this  method,  the  turbulent  tanenc  energy  at  the  test 

filter  level  is  obtained  from  the  trace  of  (7), 


a:*4/2+v 


(18) 


Using  a  procedure  similar  to  that  outlined  in  Section  2.1,  an  equation  for  c,  can  be  derived: 


where 


(19) 

(20) 


Since  (19)  has  the  same  form  as  (10),  c,  can  be  determined  in  a  similar  manner  using  the  least-square 
method: 


A  mathematical  identity  similar  to  a)  be^een 
and  the  test  filter  level,  £ ,  can  be  obtained  as. 


the  dissipation  rate  resolved  at  the  grid  filter  level,  e, 


where. 


-  (1 

dUi  du\  dui  dui  1 

(22) 

E-e=vl^ 

dxjdxjf  BxjdXjJ 

(  dUj  dUj 

dUj  dUj  I 

(23) 

dxjdxj) 

( IdUj  dUj 

(24) 

:/"ax,.axJ 

TO,  iaenaty  is  use.  to  evaluate  the  dissipahou  rate  utodel  ccefficien.  e.  by  employiug  fte  model  for  e , 
(17).  and  the  similar  model  for  £  at  the  test  filter  level 


(25) 


Note  dtat  (25)  is  a  scalar  equaUon  for  a  single  unknown  and,  hence,  an  esncr  value  c,  can  he  obmined 
without  applying  any  approximation. 

In  this  type  of  dynamic  problem  rema^  m 

adopted.  Hence,  the  mathemaucal  t^uation  SGS  model  as  a  basic  model  for  the 

advantage  of  this  model  is  that  by  “  “  negative  model  coefficient  (i.e.,  c,)  is  no  longer  the 

dynamic  formulation  the  prolonged  prese  g  /joes  generate  another  problem 

source  of  numerical  instability.  Unfortunate  ^  ^25)  for  c  has  the  unphysical  property  of 

by  introducing  the  identity  (22),  That  u,  tho  ,*„"o«ty  for  E  in  (24)  is 

vanishing  at  high  Reynolds  numbers.  ^  is  ue  jj  ^Ince  £  is  the  dissipation  resolved  at  a 

not  the  same  as  the  molecular  viscosity  for  e  m  the  energy 

scale  larger  than  the  scale  at  which  e  is  resolved,  the  eff^ve  v^^ty  ^  ^  3^ 

transfer  (to  the  smaller  scale)  at  that  ^ger  ^  increases  the  modeled  expression  for  £,  (24), 

^olds  number  increases.  Urns,  as  hence,  the  actual  dissipation  £ 

becomes  worse,  resulting  in  poor  predicu  he  reolaced  by  the  effective  viscosity  for 

To  resolve  this  problem,  the  molwul^v^osi^  expression  for  the  effective 

^SiSXrjiaie  whel  .e  SOS  hincuc 

energy  is  dissipated. 

2J  LocaUad  Dynandc  k-Equation  SiAgrid-ScaU  (LDKSGS)  Model 

RacenOy,  Ohosal  ei  al.  (1995)  developed  the  f ^tional 

energy.  DLM(«.  which  i*  (“the  ".odel  coefficient  as  a  function  of  posW™ 

formulation  to  rigorously  denve  mteg^  eq  solving  the  integral  equations  iterauvely,  the 

and  time  and  is  problem  was  effectively  prevented  (note  thai 

numerical  instability  resulted  from  the  lU-conoiuorung  p 


ance  this  model  use  the  SGS  kinetic  energy  equation  as  a  base  model,  the  prolonged  presence  of 
negative  model  coefficient  is  not  a  source  for  numerical  instability).  However,  this  was  achieved  at  an 
a(t(^ition?i  price  (Carati  et  aL  (1995)  reported  that  DLM(1:)  required  67%  more  CPU  time  than  the 
standard  Smagorinsky’s  model  while  the  conventional  spatial-averaged  dynamic  model  spent  4%  more 
CPU  time)  due  to  the  complicated  and  expensive  procedure  required  to  solve  two  more  integral 
equations  iteratively.  This  model  has  been  tested  in  isotropic  turbulence  and  in  the  flow  over  a 
backward-facing  step  and  demonstrated  its  capability  by  showing  a  good  agreement  with  experiments 
for  both  cases. 

In  diis  paper,  we  focus  on  the  Kim  and  Menon's  (1995)  localized  dynamic  model  wliich  is  a  simple, 
madiematically-consistent  and  numericaUy-stable  formulation.  Before  describing  this  model,  some 
diaracteiistic  scales  and  flow  properties  at  the  grid  and  test  filter  level  needs  to  be  defined: 


Grid  fill 

ter  level 

Test  filter  level 

Dissipation 

range 

Production 

range 

Dissipation 

range 

Production 
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A 
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Stress  tensor 
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Dissipation 

rate 
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KoSHi 

as;  as;. 

dxj  dxj 

Strain  rate 
tensor 

Not  available 

5, 
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Not  available 

% 

Effective 

viscosity 

V 

V 

V  +  Vj. 

The  following  discussion  will  attempt  to  demonstrate  the  new  model  using  reasoning  based  in  physical 
space  (rather  than  in  spectral  space).  At  the  grid  filter  level,  there  are  two  energy  levels  characterized  by 
ujtf  and  ujuf  (the  factor  is  neglected  in  the  following  discussion  for  brevity).  The  SGS  kinetic  energy 
is  then  determined  by  the  difference  between  these  two  energy  levels,  i.e.,  2k,,,  siiJJ’-Bjw;.  Since 
the  energy  EJS)  is  resolved  at  the  grid  filter  level,  the  only  possible  length  scale  characterizing  this 

energy  level  is  the  grid  resolution  A.  However,  the  characteristic  length  scale  (say  /*)  for  the  energy 
level  UjU-  is  unknown.  Since  ,  it  can  be  deduced  that  the  characteristic  length  scale  for  lies 

in  the  unresolved  range  of  scales  (i.e.,  /*  <  A).  It  is  clear  that  the  production  of  SGS  kinetic  energy  is 
characterized  by  the  larger  length  scale  than  the  dissipation  of  k,,,.  Hence,  A  is  related  to  the 
production  mechanism  of  SGS  kinetic  energy  while  f  is  related  to  the  dissipation  mechanism.  The 
separation  between  the  scales  where  SGS  kinetic  energy  is  produced  and  where  it  is  dissipated  explains 
why  the  model  for  coeitJ^/A  is  somewhat  poor  (i.e.,  the  dissipation  model  has  some  scale  gap 

between  exact  and  modeled  terms  by  using  A  as  a  length  scale).  To  properly  model  the  production  and 
the  dissipation  of  SGS  kinetic  errergy,  it  is  necessary  to  have  additional  information  on  the  energy 
transfers  at  these  two  length  scales.  However  the  information  on  the  energy  transfer  characterized  by 
the  scale  (e.g.,  dissipation  by  the  molecular  viscosity)  is  not  available.  Therefore  an  additional 
assumption  (similar  to  that  used  in  the  Reynolds-averaged  Navier-Stokes  computations)  that  the  energy 
transfer  which  occurs  at  the  smaller  scale  is  essentially  controlled  by  the  energy  transfer  at  the  larger 


scale  and  the  energy  determined  by  both  energy  transfere  (e.g.  k^,)  is  required.  Finally,  the  length  scale 

and  strain  rate  tensor  (to  parameterize  the  energy  transfer)  of  the  larger  scale  and  the  energy  determined 
by  both  energy  transfers  are  sufficient  to  model  not  only  the  production  rate  of  the  SGS  kineuc  enerp 
(or  the  SGS  stress  tensor  on  which  the  SGS  kinetic  energy  production  mechanism  depends,  e.g.,  the 
production  rate  of  k^,  «  )  but  also  the  dissipation  rate. 

Hie  A»firtirini«  and  relations  employed  at  the  grid  filter  level  can  be  extended  to  the  test  ^ 

long  as  the  scales  are  defined  in  a  similar  manner.  The  energy  level  5)5]  is  resolved  at  the  test  filter  level 

and  characterized  by  A  *  2A  whereas  the  characteristic  length  scale  (say  /“)  for  the  energy  (wjui)  is 
untaown,  and  again  (5;^;)  >  m  and  T  <  2  A .  However,  at  the  test  filter  levd,  an  additional  scale  can 
be  defined.  As  the  SGS  kinetic  energy,  2k,,  is  obtained  at  the  grid  filter  level  by  taking  grid 

filtering  to  the  total  turbulent  energy,  iijU,.  the  dmilarly  defined  energy  at  the  test  filler  level, 
is  obtained  by  taking  test  filtering  to  5?J;.  This  energy  is  dissipated  ^at  the  scale 
cha^ri^  by  the  energy  level  (i^)  while  produced  at  the  characteristic  length  scale  A  =  2A  which 
is  corresponding  to  the  energy  level  since  (5)5;)  >  However,  since  this  dissipative  length  scale 
lies  in  the  resolved  range  of  scales,  the  energy  is  dissipated  due  to  the  eddy  viscosity  as  well  as  the 
molecular  viscosity.  Therefore,  the  effective  viscosity  is  (v + ). 


Using  the  assumption  and  the  parameters  defined  above,  we  obtain  three  different  SGS  stress  tensors 
and  dissipation  rates,  respectively,  one  at  the  grid  filter  level  and  the  other  two  at  the  test  filter  level. 

SGS  stress  tensor  at  the  grid  filter  level. 

t#  *  _ 

=  -2c,A[i(«,u,  -5)5;)]*  -«)5))] 

(26a) 

SGS  stress  tensors  at  the  test  filter  level, 

«  -2c,A[i({;:;j^)-5)5;)]*4+i5^.[i((^ 

(26b) 

«  -2c,A[i^((5;5;.)  -  «)m))]* +  i5^[i((5;5))  “ 

(26c) 

dissipation  rate  at  the  grid  filter  level, 

\dxjdxj  dxjdxj) 

(27a) 

dissipation  rates  at  the  test  filter  level. 


(27b) 


€  =  (V+Vr) 


(27c) 


^  long  ss  both  grid  find  test  filter  levels  fire  located  in  the  range  where  the  siinilarity  fissumption  is 
valid,  c,  and  c,  in  (26)  and  (27)  remain  the  same.  Note  that  (26a)  and  (27a)  represent,  respectively,  the 
original  SGS  stress  tensor  and  the  dissipation  rate  which  must  be  modeled.  These  two  expressions 
contain  two  unknown  model  coefficients.  Previously  (see  section  2.2)  the  expressions  for  2^  and  £, 

(26b)  and  (27b),  were  adopted  to  dynamically  determine  these  unknowns.  However  this  procedure 


introduced  additional  unknowns,  and  \ 


Therefore,  to  close  the  model,  the  other 


independent  relations  (e.g.  Germano  et  al.'s  mathematical  identity,  (7),  and  its  variant,  (22))  were 
needed.  These  additionally  introduced  relations  become  the  source  of  both  the  mathematical 
inconsistency  and  the  iU-condiiioning  problems.  In  the  Kim  and  Menon's  (1995)  model,  they  adopted 
the  expressions  for  and  e ,  (26c)  and  (27c),  (which  do  not  contain  any  additional  unknowns)  instead 

of  and  E ,  respectively.  Therefore,  the  Germano  et  al.'s  mathematical  identity  and  its  variant  are  no 


longer  needed  to  close  the  roodeL  Both  c,  and  c,  can  be  determined  in  the  same  mann^  as  was  done 
earlier  for  and  c,  (in  section  2.2).  Thus, 


where 

and. 


C  s: - SLJL 

2  OO- 


=  -A[f 

(v+v 
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[ 

(28) 

(29) 


(30) 


As  shown,  mathematically  inconsistent  procedure  is  not  involved  in  this  dynamic  formulation. 
Furthermore,  the  denominators  of  (28)  and  (30)  contain  the  energy  information  on  the  resolved  scale 
which  is  well  defined  (note  that  in  (12),  (21)  and  (25),  the  denominators  contain  algebraically 
manipulated  parameters,  hence  the  resulting  expressions  were  ill  defined).  Therefore,  the  ill- 
conditioning  problem  (observed  in  the  dynamic  models  using  the  Germano  et  al's  mathematical 
identity)  is  not  considered  serious  here.  Furthermore,  the  expression  for  c,,  (30),  doesn't  have  the 
unphyrical  property  of  vanishing  at  high  Reynolds  numbers  unlike  (25)  since  the  effective  viscosity 
(v+ Vj.)  is  used  instead  of  just  v.  The  existence  of  the  similarity  between  the  SGS  stress  and 

the  resolved  stress  is  supported  by  Liu  et  al.'s  (1994)  analysis  of  experimental  data  in  the 


far  field  o(  a  round  jet  at  a  reasonably  high  Reynolds  number  (Rej^-310).  In  their  work,  a  high 
correlation  between  the  two  stress  tensors  is  obtained. 

Before  applying  LDKSGS  model  to  various  flow  fields  of  interest,  it  is  worthwlule  to  examine  basic 
properties  of  the  model  from  a  theoretical  point  of  view.  Recently,  Vreman  et  al.  (1994)  argued  that 
SGS  models  should  share  some  basic  properties  with  the  exact  SGS  stress  to  succesisfully  predict 
fids  unresolved  quantity.  They  presented  three  properties  of  as  a  necessary  condition  that  SGS 
models  should  fulfill  First,  x^  is  a  symmetric  tensor,  therefore,  the  model  of  X|  ahould  be  symmetric. 

Secwid,  the  Altered  Navier-Stokes  equations  are  Galilean  invariant  They  should  retain  this  property 
even  after  x^  is  replaced  by  the  model  Hie  other  property  is  that  x^  is  positive  for  positive  filters  (Le., 
fhft  fiitw  kernel  is  positive  over  the  domain  applied).  Therefore,  the  model  of  x^-  is  required  to  be 
poative  as  well  if  positive  filter  is  employed.  Actually,  the  first  requirement  is  true  for  all  existing  SGS 
models,  however,  the  other  two  requirements  need  to  be  checked  especially  i^en  a  new  SGS  model  is 
conadered.  We  have  proven  that  the  LDKSGS  model  satisfies  the  Galilean  invariance  and  the 
realizability  requirements.  However,  we  will  briefly  mention  only  about  the  realizability  conditions  (the 
other  details  will  be  presented  in  the  final  paper). 

Using  the  inequalities  given  in  Vreman  et  al.  (1994),  two  realizability  conditions  for  dynamically 
determined  model  coefficient  are  obtained; 


where  and  denote  the  smallest  and  the  largest  diagonal  elements  of  the  SGS  stress,  respectively 
and  |s|s(2S^S^)^.  S„  has  negative  sign  and,  hence,  the  lower  bound  for  the  first  condition  is  also 
negative.  The  model  coefficient  c,  should  satisfy  these  conditions  for  the  LDKSGS  model  to  become  a 
realizable  model  of  the  SGS  suess.  Decaying  isofropic  turbulence  is  used  for  the  numerical  verification 
of  these  conditions.  It  is  observed  that  more  than  99.9%  (for  the  48*  grid  resolution),  99.8%  (for  the 
32*  grid  resolution)  and  99.6%  (for  the  24*  grid  resolution)  of  the  grid  points  satisfy  the  both 
realizability  conditions  at  the  same  time  throughout  the  whole  simulation.  Therefore,  it  can  be  said  that 
LDKSGS  model  satisfy  the  realizability  conditions  even  in  strict  sense.  Ghosal  et  al.  reported  that  the 
DLM(*)  model  satisfy  the  realizability  condition  in  about  95%  of  the  grid  points  for  the  simulation  of 
decaying  isotropic  turbulence  using  the  48*  grid  resolution.  Thus,  the  DLM(k)  is  not  quite  reabzable 
even  for  the  simple  isotropic  turbulence. 

3.  Results  and  Discussion 

The  LDKSGS  model  was  applied  to  Taylor-Green  vortex  flow,  decaying  and  forced  isotropic 
turbulence  and  temporally  evolving  mixing  layers.  These  flows  are  briefly  described  and  only  typic^ 
results  fOT  each  flow  are  presented.  More  detailed  description  of  each  test  case  and  the  other  results  will 
be  given  in  the  final  paper. 


3.1.  Taylor-Green  vortex  flow 


To  evaluate  the  behavior  of  the  dynamic  SGS  models,  one  popular  approach  is  to  compare  the 
predicted  LES  results  with  the  results  of  DNS  prediction.  However,  since  DNS  require  a  significant 
amount  of  computer  resources  (both  memoiy  and  execution  time),  it  can  be  ^plied  only  to  a  limited 
low  range  of  Reynolds  numbers.  This  Reynolds  number  range  can  be  increased  by  simulating  a  flow  that 
has  spatial  symmetries  (which  arc  preserved  in  time  as  the  flow  evolves),  because  the  information  in  a 
ftactional  part  of  the  periodic  box  is  sufficient  to  describe  the  whole  flow  field  using  these  symmetries. 
Ibis  idea  was  exploited  by  Brachet  et  al.  (1983)  who  simulated  a  Taylor-Green  vortex  flow  and 
reduced  the  necessary  memory  by  1/64  compared  with  that  required  for  a  general  non-symmetric 
periodic  flow.  In  tiiis  work,  simulation  in  the  so-called  impermeable  box  (0  ^  ^  it)  of  the  Taylor- 

Green  vortex  flow  is  carried  out  The  flow  field  develops  from  the  initial  condition: 

tt=sin(x)cos(y)cos(z) 

V  ss -cos(x)sin(y)cos(z) 
w*0 

At  time  r  s*  0,  the  flow  is  two-dimensional  but  becomes  three-dimensional  for  all  times  r  >  0.  This  flow 
is  considered  a  simple  flow  field  in  which  the  generation  of  small  scales  and  the  resulting  turbulence  can 
be  studied.  In  this  study,  an  effectively  128’  DNS  in  a  2it-box  (actually  simulated  using  64  grid  points 
in  a  It -box)  has  been  carried  out.  The  results  were  then  used  to  evaluate  the  LES  predictions  (obtained 
using  a  coarse  grid  resolution).  To  evaluate  the  performance  of  the  SGS  models,  the  time  evolution  of 
the  velocity-derivative  (here,  we  use  dw/dz)  skewness  S  and  flatness  F  factors  computed  from  DNS 
and  LES  data  are  compared.  The  skewness  and  flamess  factors  are  defined  as  follows: 

_  iOwftz?) 

({dw/dzff 

((.Bw/Bzf) 

Note  that,  here  <•>  denote  ensemble  averaging  instead  of  test  filtering.  Figure  1  shows  the  time 
evolution  of  the  velocity  derivative  flamess  computed  from  the  filtered  128’  DNS  and  the  32  LES. 
This  figure  clearly  demonstrates  the  better  prediction  of  the  LDKSGS  model  than  the  other  dynamic 

models  tested. 

5.2.  Deciding  isotropic  turbulence 

The  experiment  of  decaying  isotropic  turbulence  of  Comte-Bellot  and  Corsin  (1971)  is  simulated  to 
demonstrate  the  capabUity  of  LDKSGS  model  in  predicting  the  decay  of  the  turbulent  energy.  Another 
reason  of  this  test  is  to  compare  the  results  with  those  of  Ghosal  et  al.'s  DLM(*)  (1993;  1995)  which  is 
the  only  existing  localized  dynamic  model  formulated  without  employing  the  ad  hoc  procedure.  They 
simulated  this  experiment  using  32’  and  48’  grid  resolutions.  In  predicting  the  energy  decaying  rate,  a 
good  agreement  with  the  experimental  data  was  obtained  using  a  48’  grid  lesolutioii  (see  Figure  1  ® 
Ghosal  et  al,  1995),  however,  relatively  poor  results  were  obtained  using  a  32’  grid  resolution  (^ 
Figure  1  in  Ghosal  et  al.,  1993).  This  made  them  conclude  that  48’  grid  points  is  the  smallest  possible 
resolution  for  LES  since  the  32’  grid  resolution  is  not  fully  consistent  with  the  basic  assumption  of  LES 


that  the  resolved  scales  cany  most  of  the  energy.  To  investigate  this  issue,  we  computed  the  resolved 
energy  at  each  grid  resolution  by  numerically  integrating  the  spectrum  given  by  Comte-Bellot  ^d 
Corsin(1971)  between  wavenumbers  zero  to  the  maximum  wavenumber  represented  in  the  grid 
resolution: 


Grid 

resolution 

m 

256’ 

H 

m 

H 

^9 

H 

■ 

8’ 

Resolved 
energy  (%) 

99.8 

99.5 

98.4 

96.6 

92.2 

87.3 

78.3 

70.3 

59.3 

49.7 

35.1 

24.4 

10.5 

As  shown,  32’  and  48’  grid  resolutions  are  resolving  not  most  of  but  a  close  amount  (59.3%  and 
103%)  of  the  energy.  Strictly  speaking,  both  resolutions  are  not  fully  consistent  with  the  basic 
as^ption  of  LES.  They  may  lie  in  the  range  of  veiy  large  eddy  simulations  (VLES)  where  much  of 
the  turbulent  energy  lies  in  the  unresolved  scales  and  model  quantity  becomes  much  more  impormt 
Therefore,  the  simulation  of  this  experiment  especially  using  the  grid  resolution  coarser  titan  48  (Le., 
the  subgrid  scales  carry  more  than  30%  of  total  turbulent  kinetic  energy)  is  a  good  test  case  in  which 
the  quality  of  the  SGS  model  can  be  measured.  For  this  purpose,  three  grid  resolutions,  48 , 32  and 
24’,  are  used  for  large  eddy  simulations  implemented  here.  Figure  2  shows  the  decay  of  the  resolved 
turbulent  kinetic  energy  computed  using  the  LDKSGS  model  at  three  grid  resolutions,  48’,  32’  arid 
24*.  The  results  are  compared  with  the  predictions  of  volume-averaged  DASGS  model  at  the  48  grid 
resolution  and  the  experimental  data  of  Comte-Bellot  and  Corsin  (1971).  The  predictions  of  both 
models  are  in  good  agreement  with  the  experiment  As  well  known,  the  decay  of  the  turbulent  energy 
satisfy  the  power  law,  E  -  (r*)“,  in  the  asymptotic  self-similar  regime.  The  experimental  data  roughly 
confirms  the  existence  of  the  power  law  by  lying  on  a  straight  line  on  a  log-log  plot  even  though  a 
number  (three)  of  data  raises  some  uncertainty.  The  decay  exponent  a  is  estimated  by  a  least- 
square  fit  to  each  data  as  follows. 


Grid  resolution 

Experiment 

LDKSGS 

DASGS 

48’ 

-1.20 

-1.17 

-1.17 

-1.20 

32’ 

-1.16 

-1.13 

24* 

-1.12 

-1.09 

Here,  the  value  of  a  predicted  by  DLM(Jfc)  is  used  as  given  in  Carati  et  al  (1995).  These  results  confirm 
the  agreement  between  the  predictions  of  LES  and  the  experiment  More  importantly,  the  results  of 
LDKSGS  model  at  all  three  grid  resolution  used  (even  for  24’  grid  resolution  where  about  a  half  of  the 
turbulent  kinetic  energy  is  not  resolved)  show  consistency  in  predicting  the  energy  decay.  TOs  property 
of  the  model  is  a  fascinating  feature  especially  when  the  model  is  applied  to  complex  and  high  Reynolds 
number  flows  where  a  lot  of  the  turbulent  energy  lies  in  the  unresolved  scales. 

33  Forced  isotropic  turbulence 

A  statistically  stationary  isotropic  turbulence  is  simulated  using  a  32’  grid  resolution.  The  main  purpose 
of  th^!^  jrimntatinn  is  to  show  whether  a  low  resolution  LES  using  the  LDKSGS  model  can  reproduce 
the  statistics  of  the  large  scale  structures  of  a  realistic,  high  Reynolds  number  turbulent  field.  The  results 
is  compared  with  the  existing  high  resolution  DNS  data  by  Vincent  and  Meneguizzi  (1991)  and  Jimenez 
era/.  (1993). 


A  statisticaUy  stationary  turbulent  field  is  obtained  by  forcing  the  large  scales  as  was  done  by  Kerr 
ri985)  In  thL  study,  the  initial  value  of  afi  Fourier  modes  with  wave  number  coinponents  ^ual  to  0  or 
1  is  kept  fixed.  The  initial  conditions  are  obtained  by  generating  a  random  realizauon  of  the  energy 

spectrum 
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with  *0  *  I  and  C  is  a  constant  which  normalize  the  initial  total  energy  to  be  0.5.  Our  simulation  was 
nm  for  21  large-eddy  turnover  times.  To  ensure  statistical  independence,  25  folds  were  ^ 
statistical  anrQysis  (i.e.,  the  time  interval  between  successive  fields  is  alinost  one  large  eddy  ^ 
time)  In  the  Liulation,  an  effective  Taylor  microscale  Reynolds  number  Re^*116  was  achieved 
(where  the  elective  attribute  denotes  the  use  of  the  eddy  viscosity  obtained  from  the  SGS  model  m 
place  of  the  molecular  viscosity). 

Reurc  3  shows  the  probability  distribution  of  velocity  (fifferences,  5M(r)  =  M(x+r)-ii(r),  for 
values  of  r  (note  that  all  values  of  r  used  here  are  comparable  with  the  inertid 
generality,  5m  is  normalized  so  that  o^=<8u*>=l.  The  LES  results  (usmg  Ae  LDKSGS  mode) 
clearly  show  that  the  continuous  distribution  changes  from  a  non-Gaussian  (which  h^  Ae  wings) 
Gauss^ian,  as  r  increases.  The  same  behavior  of  the  distribution  was  observed  “J.  rwolution 

DNS  of  Vincent  and  Meneguizzi  (1991).  In  addition  to  Ae  baac  ^Sr^raent  regarding  ^ 
of  the  non-Gaussian  statistics,  the  LES  accurately  predicts  the  probability  for  wch  ^  “  “ 

agreement  between  the  two  distributions  for  r  =  0.39  obtained  from  the  LES  and  Ae  DNS  except  for 
Jme  devUUon  in  Uie  wing  region.  Howevor.  is  weU  taown,  tho 

distribution  develop  mainly  due  to  small-scale  fluctuations.  Therefore,  the  deviation  between  the  LES 
and  the  DNS  results  in  the  wings  is  somewhat  natural 

Hie  saUstics  of  velocity  and  its  derivatives  are  also  investigated.  While  the  statMcs  of  velTO^  ^  ^ 
oronenv  of  the  large  scLes  which  is  mosOy  resolved  in  LES,  the  statistics  of  velocity  denvative  are  the 
pro^r^  of  the  diaipaUon  range  scales  which  is  not  resolved  by  LES.  ^erefore,  ‘J® 
of  iL  and  DNS  using  the  statistics  of  velocity  derivanve  may  be  meaningly  A  more 
rAmnaricnn  can  be  achieved  by  filtering  the  DNS  field  down  to  the  same  resolution  as  LES.  For  the 

the  stadstics  of  die  LES  and  the  filtered  DNS  ^ould  ma^ 
well  However  the  velocity  derivative  statistics  of  the  filtered  DNS  data  is  not  available,  therefore,  Ae 
DJ«  statistics  of  velocity  derivative  obtained  from  the  full  resolution  simulaufon  (shown  in  the  tabte 
below)  should  be  used  only  as  a  quahtative  measure  for  the  LES  results.  We  computed  the  n  th 
moments  of  the  velocity  and  its  derivative  distributions  using 


<x"  > 


The  results  of  this  calculation  is  summarized  in  the  following  table. 
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dufdy 

1 

1 

^4 

^3 

^3 

54 

^6 

512’  DNS 

-0.525 

6.1 

-12.0 

125 

Kza 

370 

2.80 

12.5 

-0.5 

5.9 

-9 

90 

-0.04 

8.0 

64’ LES 

-0.35 

0.06 

4.5 

32’  LDKSGS 

-0.332 

3.59 

-3.79 

25.5 

0.0092 

4.90 

0.0586 

49.5 

2.81 

12.2 

Gaussian 

0.0 

3.0 

0.0 

15.0 

0.0 

3.0 

0.0 

15.0 

3.0 

15.0 

where  the  results  of  512’  DNS  (RO;,  *168.1),  240’  DNS  (Re;,  *150),  and  64’  LES  are  obtained  from 
Jimenez  er  cZ.  (1993),  Vincent  and  Meneguiai  (1991),  and  Biiscolini  and  Santangelo  (1994), 
reflectively.  W’  LES  was  implemented  using  Kraichnan's  eddy  viscosity  defined  in  the  spectral  space. 


3.4  Temporal  mixing  layers 

The  LDKSGS  model  is  applied  to  simulate  the  temporally  evolving  turbulent  mixing  layer.  In  this 
simulation,  the  LDKSGS  model  response  to  the  evolution  of  coherent  structures  is  investigated.  We 
adopt  the  tntHai  conditions  used  in  Comte  et  al.  (1991).  The  basic  velocity  profile  is  defined  by 

Uo(y)~Uwih(,2y/^i) 

where  5,-  is  the  initial  vorticity  thickness.  This  unidirectional  basic  flow  is  superimposed  by  the  3- 
dimensional,  of  kinetic  energy  10“*  f/’,  random  perturbations  whose  spectra  are  broad-banded.  For  Ae 
numerical  implementation,  periodic  boundary  conditions  are  replied  in  the  streamwise  and  spanwi^ 
directions,  and,  dip-wall  boundary  conditions  in  the  transverse  direction.  The  computational  domain  is 
cubic,  with  a  side  length  chosen  equal  to  4  times  of  the  most  unstable  streanwise  wavelength  which  is 
predicted  by  the  inviscid  linear-stability  theory  to  be  7.075;.  An  initial  Reynolds  number  is 
Re  =  1/5;  /  V  *  100  and  the  flow  is  simulated  up  to  r  =  1205;  /  U  using  a  32’  grid  resolution. 

The  following  sequence  of  the  temporal  evolution  of  the  mixing  layer  was  observed.  First,  the  muting 
layer  shows  the  roll-up  of  the  spanwise  vorticity,  resulting  in  4  rollers.  Subsequently,  pairing  of  these 
rollers  is  observed.  After  final  pairing  is  accomplished,  complicated  structures  of  the  flow  are  generated 
showing  a  highly  3-dimensional  nature.  Spanwise  vorticity  isosuifaces  in  Figure  4.  show  the  typical 
of  changes  in  coherent  structures.  At  r*40  (top),  two  rollers  appear  as  a  result  of  the  first 
pairing.  At  this  instant,  coherent  structures  are  in  a  very  ordered  form.  At  r=80  (middle),  the  flow  starts 
to  generate  the  complicated  structures  and  becomes  3*^imensional.  At  the  last  instant  of  the  simulation 
(bottom)  coherent  strucmres  become  totally  3-dimensionaL  The  dynamically  determined  model 
coefficients  (shown  as  contours)  are  not  correlated  with  the  coherent  structures  at  i*40  since  the 
coherent  structures  are  still  laminar  at  that  instant  After  1*80,  as  the  coherent  structures  generate  3- 
dimennonal  complicated  structures,  the  model  coefficient  are  highly  correlated  with  these  turbulent-like 
structures. 

Rgure  5.  shows  a  time  evolution  of  the  dynamically  determined  model  coefficient  In  Ae  actual 
Emulations,  the  local  values  of  the  coefficients  were  employed.  However,  to  see  the  behavior  of  Ae 
coefficients  more  clearly,  the  volume-averaged  values  are  presented  here.  The  time  dependent  behavior 
of  the  model  coefficient  confirms  the  findings  shown  in  Figure  4.  During  the  early  stages  of  evolution, 
when  the  mixing  layer  is  highly  organized  and  primarily  2-dimensional,  the  model  coefficients  remains 
very  When  the  structures  become  more  3-dimensional  and  generate  small-scale  turbulence  (at 
1*80),  the  model  coefficients  increase  rapidly. 


4.  Future  work  to  be  included  in  the  final  paper 

We  have  demonstrated  the  capability  of  the  LDKSGS  model  in  predicting  the  SGS  stress  more 
accurately  than  the  other  dynamic  models  tested  here.  More  importanUy.  this  model  appeals  to  have  a 
promising  potential  for  the  application  to  the  high  Reynolds  number  fiows  by  behaving  quite  well  in  the 
low-resolution  simulations.  This  issue  will  be  further  investigated  in  the  final  paper. 
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Figure  1.  Temporal  evolution  of  velocity  derivative  flatness  computed  torn  32’  LES  using  3 
different  SGS  models,  compared  with  filtered  128’  DNS. 


Riure  2.  Temporal  evolution  of  turbulent  kinetic  energy  in  isotropic  ^ 

different  grid  resolutions,  compared  with  experiment  by  Comte-Bellot  and  Corsm  (1971). 


Rgure  3  Probability  distribution  of  normalized  velocity  difference  for  5  different  scales  r, 
co^ared  with  high  resolution  DNS  by  Vincent  and  Meneguizzi  (1991). 


Rgure  4  Spanwise  voiticity  isosurfaces  and  dynamically  evaluated  mo^l  contours 

co^t^  from  32’  LES  ushig  LDKSGS  at  t=40  (top),  t=80  (middle),  and  t=120  (bottom). 


Rgure  5.  Temporal  evolution  of  model  coefficient  computed  from  32’  LES  using  LDKSGS 
model. 
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ABSTRACT 


Direct  and  large  eddy  simulatirais  of  forced  and  decaying  isotropic  turbulence  have  been  performed  to  investigate 
the  behavior  of  subgrid  models.  Various  subgrid  models  have  been  analyzed  (i.e.,  Smagorinsky’s  eddy  viscosity 
unnitpi  dynamic  eddy  viscosity  model,  dynamic  one-equation  model  for  die  subgrid  kinetic  energy  and  scale- 
similarity  model).  A  priori  analysis  showed  that  the  subgrid  stress  and  the  subgrid  energy  flux  predicted  by  the  scale 
similarity  model,  and  subgrid  kinetic  energy  model  (with  fixed  coefficients)  correlate  reasonably  well  with  exact 
«tata  while  the  Smagorinsky’s  eddy  viscosity  model  showed  relatively  poor  agreement.  However,  the  correlation 
for  the  sralf  similarity  model  decreased  much  more  rapidly  with  decrease  in  grid  resolution  when  compared  to  the 
subgrid  kinetic  energy  model.  The  subgrid  models  were  then  used  to  carry  out  large-eddy  simulations  for  a  range  of 
Reynolds  number.  It  was  determined  the  dissipafion  was  modeled  poorly  and  that  correlations  with  exact  results 
were  quite  low  for  all  models  where  no  dynamic  procedure  was  employed.  When  dynamic  evaluatioo  was 
incorporated,  the  conelatioo  improved  significantly.  The  dynamic  subgrid  kinetic  energy  model  showed  consistently 
a  higher  correlation  for  a  range  of  Reynolds  number  when  ccanpared  to  the  dynamic  eddy  viscosity  model.  These 
results  demonstrate  the  ctqiabilities  of  the  dynamic  one-equation  model. 

1.  INTRODUCTION 

Large-eddy  simulation  (LES)  methods  are  currently  being  used  to  simulate  a  variety  of  fiow  problems.  For  such 
mftbods  to  perform  adequately,  subgrid  models  that  faithfully  rqiresent  the  effects  of  the  unresolved  subgrid  scales 
(SGS)  on  the  resolved  motion  have  to  be  developed  and  validated.  The  ciqiability  of  the  subgrid  models  can  be 
by  carrying  out  LES  and  ccnnparing  the  predicted  results  (typically,  ensemble  or  time-averaged  proper¬ 
ties)  widi  experimental  data  Good  agreement  would  demonstrate  the  capability  and  validity  of  the  chosen  subgrid 
model  However,  this  iqiproach  does  not  provide  any  means  to  improve  the  subgrid  model  if  poor  agreement  with 
eiqierimental  data  occurs.  Alternatively,  the  subgrid  model(s)  can  be  evaluated  using  direct  numerical  simulation 
(DNS)  data,  and  then  the  subgrid  model(s)  can  be  used  in  an  LES  of  the  same  flow  field,  by  using  coarse  grids. 
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Comparison  of  Ibe  LES  results  with  die  DNS  data  can  then  be  used  to  determine  the  validity  of  the  model.  This 
^jpioacb,  however,  also  has  problems.  Models  validated  using  low  Reynolds  number  DNS  data  (for  simple  flows) 
invariably  show  poOT  agreement  with  data  «iien  used  to  simulate  high  Reynolds  number,  complex  flows. 

Id  seoent  years,  studies  have  identified  some  inherent  limitations  of  subgrid  models  currently  being  employed  for 
LES.  For  example,  it  has  been  shown  drat  the  ’constant’  in  die  pcqiular  eddy  viscosity  model  of  Smagorinsky  has  to 
be  fine-tuned  for  every  flow  of  interesL  Hiis  problem  was  circumvented  reoendy  by  using  a  dynamic  procedure  [1] 
which  allows  a  direct  evaluation  of  the  otmstant  as  a  part  of  die  soludon.  Ibe  dynamic  model  has  proven  quite  ver¬ 
satile.  and  results  show  that  it  can  model  conecdy  the  behavior  of  subgrid  stresses  both  near  and  away  fiom  the 
wall,  and  has  a  caqiability  to  model  badcscatter  (1,2].  However,  even  diis  model  has  some  problems.  Namely,  the 
evaluation  of  the  ’constant’  can  result  in  numerical  problems.  Methods  to  address  this  limitation  have  been 
developed  [2-4]. 

For  LES  of  high  Reynolds  number  flows,  the  typical  grid  resolution  possible  (due  to  computer  resource  limitations) 
can  be  quite  coarse.  In  this  case,  a  large  dynamic  range  of  scales,  including  ’energy  containing’  scales  of  motion, 
can  remain  unresolved.  It  is  not  clear  if  eddy  viscosity-type  subgrid  models  will  be  able  to  model  accurately  the 
effects  of  these  unresolved  scales.  Since  a  significant  amount  of  turbulent  kinetic  energy  may  be  present  in  the 
subgrid  scales,  tiie  assumption  of  balance  between  the  energy  producticm  and  the  dissipation  rate  (an  assumpticm 
implicit  in  the  formulation  of  the  eddy  viscosity  models)  may  be  violated.  Furthermore,  reverse  cascade  of  energy 
(the  so-called  badcscatter)  from  the  subgrid  scales  to  the  resolved  scales  could  become  significant,  and  anisotropy 
effects  in  the  unresolved  scales  may  have  to  be  taken  into  account.  Higher  order  models,  such  as  the  one-equatitm 
model  studied  here,  may  be  required  to  take  these  features  into  account 

In  this  ptqier.  die  effects  of  the  form  of  die  chosen  subgrid  model  on  the  energy  transfer  process  between  the 
rescflved  and  unresolved  scales  in  LES.  will  be  investigated.  The  results  of  DNS  and  LES  of  forced  and  decaying 
isotrc^ic  turbulence  is  analyzed  in  both  physical  and  spectral  Space.  The  goal  of  this  research  is  to  develop  methods 
to  analyze  subgrid  models  without  using  any  DNS  information.  This  would  enable  investigation  of  the  validity  and 
the  qiplicability  of  subgrid  models  in  mote  complex  flows  which  cannot  be  cmnputed  using  DNS  techniques. 

2.  NUMERICAL  METHODS  AND  SUBGRID  MODELS 

Two  simulation  codes  have  been  used  in  diis  research.  A  well-known  pseudo-spectral  code  of  Rogallo  [5]  has  been 
used  to  obtain  high  resolution  DNS  data.  However,  no  LES  has  been  performed  using  this  code.  To  carry  out  both 
IF-S  and  DNS,  a  finite-difference,  Navier-Stokes  solver,  which  is  fifth-order  accurate  in  space  and  second-order 
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accurate  in  time,  is  used.  Hie  numerical  algoritbm  is  based  on  (be  artificial  compressibility  method.  To  obtain 
time-accuracy  at  each  time  step,  pseudo  time  iterations  are  carried  out  using  a  multigrid  ledmique  until  the 
incooipressibility  condition  has  been  met.  Ihe  Kolmogorov-scaled  energy  and  dissipation  spcctn  obtained  using  the 
finite-differeuce  code,  were  compared  to  the  results  obtained  using  the  psuedo-spectral  code.  Very  good  agreement 
over  nearly  the  entire  wavenumber  space  was  obtained  [6].  Detailed  evaluations  of  the  various  statistical  quantities 
(sucb  as  the  dissipation  rate,  skewness,  etc.)  also  showed  that  the  physical  ^ace  code  is  capable  of  reproducing 
statistics  very  similar  to  those  obtained  by  the  spectral  code. 

Decaying  and  forced  isotropic  turbulence  data  obtained  on  both  64^  and  128’  grid  resolutions  have  been  employed 
for  analysis.  For  the  decaying  case,  die  hydrodynamic  field  is  allowed  to  evolve  until  a  "realistic*,  self-similar  state 
has  been  reached.  Ibis  developed  isotropic  state  is  diaracterized  by  Kolmogorov  similarity  in  the  high  wavenumber 
energy  spectrum,  power  law  decay  of  energy,  and  non-Gaussian  velocity  gradients.  The  decaying  turbulence  DNS 
data  used  in  this  paper  is  approximately  at  a  Taylor-scale  Reynolds  number  Rex  of  20  (obtained  on  a  128’  grid)  and 
10  (obtained  on  a  64’  grid).  DNS  data  at  a  Rex  of  around  90  obtained  (on  a  128’  grid)  using  stochastic  forcing  [7], 
is  also  used  for  some  analysis. 


2.1.  Subgrid  Modeling  in  Physical  Space 

In  physical  space,  the  incompressible  Navier-Stokes  equations  are  filtered  using  a  spatial  filter  of  characteristic 
width  A  (typically,  the  grid  resolution)  resulting  in  the  filtered  LES  equations: 


SUj 

dxi 


=  0 


(la) 


dr 


+vV’ffi 


(lb) 


ubere  Ui(x,  t)  is  the  resolved  velocity  field,  p  and  p  are,  respectively,  the  pressure  and  density,  and  v  is  the 
kinematic  viscosity.  Here,  the  bar  over  die  flow  variable  indicates  die  effect  of  the  filtering  process.  The  subgrid 
scale  stress  tensor  is  defined  as:  Xij «  UiUj  -u,-  uj  and  must  be  modeled.  It  has  been  shown  [8]  that  proper  choice 
of  the  filtering  process  is  essmtial  to  maintain  model  consistency.  Various  types  of  filtering  processes  have  been 
stufied  in  the  past  [8,9]  sucb  as,  the  top  hat,  the  Gaussian,  and  the  Fourier  cutoff  filters.  In  die  present  study,  we 
employ  the  top  hat  filter  which  is  considered  appropriate  for  finite-difference  methods. 


The  goal  of  SGS  modeling  is  to  represent  the  SGS  stress  Xy  in  terms  of  the  resolved  field  Ui(x,  t)  in  such  a  manner 
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ifaat  (be  modeled  SGS  stresses  iqnesent,  as  much  as  possible,  die  exact  stresses.  In  addition,  the  energy  flux  to  the 
imresolved  scales  given  by  £(A) = must  also  be  modeled  reasonably  well  by  the  subgrid  model.  Ibese  issues 
will  be  addressed  in  this  study. 


2J.1.  Smagorinsk’s  Eddy  Viscosity  Model 

The  most  pc^ular  subgrid  model  is  the  algebraic  eddy  viscosity  model  originally  proposed  by  Smagorinsky; 

« -2v,5i,  (2) 


where,  V;- »  C  15 1  is  the  subgrid  eddy  viscosity,  C  is  constant. 


c 

"2  dxj  Bxi 


(3) 


is  the  resolved  late-of-strain  tensor,  and  151  =  \2Sij Sij  I  As  noted  above,  the  ’constant’  C has  to  be  adjusted  for 
different  flows.  For  decaying  isotropic  turbulence,  a  value  of  C  =  0.03  has  been  suggested  by  Lilly  [10],  and  is  used 
here. 


Ibis  modei  is  denoted  Model  A  for  subsequent  discussions. 

2.U.  Dynamic  Eddy  Viscosity  Model 

In  the  dynamic  modeling  tqiproach  [1],  a  mathematical  identity  between  the  stresses  resolved  at  the  grid  scale  filter 

A  and  a  test  filter  <A>  (typically,  ~  2A)  is  used  to  determine  flie  model  coefficient  C  as  a  part  of  the  simulation. 

Ihus,  if  the  triplication  of  the  test  filter  on  any  variable  ^  is  denoted  by  <^>,  it  can  be  shown  that: 

Lij  -  T,j-<Xij>^<u^j>-<Ui><uj>  (4) 

Here,  Tfj- *  <uiuj >  -  xuj >  is  defined  using  the  test  filter.  Assuming  that  Ty  is  similar  to  results  in  an 
expression  for  Ty  as: 

Ty-jByTu,  «  -2vr<5j^>  (5) 

where,  Vf  •  C<A>^  I  <  5  >  I .  Combining  Eqs.  (2),  (4)  and  (5),  an  equation  for  C  can  be  obtained: 

Lij-jByLtt^2CMy  (6) 


where 
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Mij  =  -  [<A>2  I  <J>  I  <5„>  -  A’  <  IS  I  Sy:^ 


(7) 


Equation  (6)  is  a  set  of  five  independant  equations  for  one  unknown  C.  To  minimiTe  the  etior  from  solving  this 
overdetennined  system,  Lilly  [1 1]  proposed  a  least  square  method  which  yields 


1 

2  MijMij 


(8) 


Studies  [12]  have  shown  that  the  numerical  value  C  obtained  from  Eq.  (8)  can  vary  widely  (and  change  sign)  in 
die  flow  field.  In  addition,  the  denominator  in  Eq.  (8)  can  become  zero  in  some  places.  All  these  eflects  can  (and  do) 
lesult  in  numMifat  instability.  Various  methods  have  been  proposed  to  resolve  this  problem.  Typically,  ^tial 
averaging  (usually  only  in  the  direction  of  flow  homogeneity)  is  perfonned  for  both  the  numerator  and  denominator 
in  Eq.  (8).  For  homogeneous,  isotropic  turbulence  averaging  can  be  implemented  over  the  entire  computational 
domain.  Thus,  in  the  present  implementation  of  the  dynamic  model,  C  is  a  function  of  time  only. 


This  model  is  denoted  Model  B  for  subsequent  discussions. 


2.U.  Sobgrid  Kiiwtic  Energy  Model 

A  one-equation  model  for  the  subgrid  kinetic  energy  ,  in  the  following  form: 


dr 


_  dk„,  dui 
ax,  '’^^axy"^* 


A  dx,  On  dx, 

L  4 


(9) 


has  also  been  studied.  Here,  the  three  terms  on  the  right-hand  side  of  Eq.  (9)  rqnesent,  respectively,  production,  dis¬ 
sipation,  and  transport  of  the  subgrid  kirretic  energy.  The  subgrid  stresses  Xy  are  modeled  in  terms  of  the  SGS  eddy 
visoosi^  y/k  es* 

ty  =  -2VtSy+|*„,5^  (10) 

where  the  SGS  eddy  viscosity  is  s  Q  Vi,,,  A.  The  constants  are  chosen,  based  on  earlier  study  [13],  to  be 
Ct  •  0.09.  Ct «  0.916  and  Ot « 1.0. 


An  important  feature  of  this  model  is  that  no  assumption  of  local  balance  between  the  subgrid  scale  energy  produc¬ 
tion  and  dissipation  tale  has  been  made.  Therefore,  it  is  expected  that  this  ituxlel  would  be  much  better  than  the 
algebraic  eddy  viscosity  model  in  regions  where  local  balance  is  violated.  The  results  of  this  study  (described 
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below)  dearly  show  this  ctqiability. 

To  investigate  the  behavior  of  flic  modd,  the  exact  production,  die  dissipation,  and  the  tnnqxxt  terms  were 
by  filtering  the  DNS  data,  and  then  correlated  with  the  model  tenns  in  Eq.  (9).  Ibe  letolts  (not  shown) 
diowed  diat  the  transport  and  die  production  terms  in  the  modd  equation  were  correlated  quite  well  with  the  exact 
terms  (with  a  omrlatio"  greater  that  0.6).  However,  the  dissipation  term  was  poorly  correlated.  This  result  agreed 
with  the  earlier  observation  that  the  dissipation  model  needs  further  improvement.  This  has  been  addressed  using  a 
dynamic  procedure,  which  is  outlined  below. 

This  model  is  denoted  Model  C  fm  subsequent  discussions. 

2.1A.  Dynamic  Subgrid  Kinetic  Energy  Model 

The  dynamic  iqiproacb  can  be  used  to  obtain  appropriate  values  of  the  coefficients  C*  and  C,.  To  implement  this 
method,  the  vinprir  energy  at  the  test  filter  level  is  obtained  by  using  the  trace  of  Eq.  (4):  K  =  La/l  +  <k>.  Using  a 
pfocedure  jtimiiar  to  that  outlined  in  Section  2.1.2,  equations  for  both  and  Ce  can  be  derived: 

Lij -  «  -C*  >-A<k^Sij (11) 


'  du,  dli, 

d<Ui> 

-  r 

<it^> 

dxj  dxj 

dXj 

3bc/ 

W.J  J 

<A> 

A 

4 

Note  that,  Eq.  (12)  is  a  scalar  equation  for  a  single  unknown  and,  thus,  the  exa«  value  of  C*  can  be  obtained 
without  ^iplying  the  least  square  method. 

This  model  is  denoted  Model  D  for  subsequent  discussion. 

Stochastic  Backscatter  Model 

If  subgrid  contain  energy*containing  eddies,  then  badcscatter  of  energy  firom  the  subgrid  scales  to  the 
resolved  scales  may  occur.  Analysis  of  DNS  data  has  shown  that  backscatter  occurs  over  a  significant  portion  of  the 
grid  points  114).  Furthermore,  earfier  studies  [15,16]  have  shown  that  the  forward  scatter  (by  the  eddy  viscosity 
term)  and  the  are  two  distinct  processes  and,  therefore,  the  two  effects  must  be  modeled  separately. 

Using  the  results  of  Chasnov  [15],  a  phenomenological  model  for  stochastic  backscatter  was  derived  earlier  [17]  by 
assuming  the  effect  can  be  modeled  by  a  random  force  wduch  satisfies  certain  constraints.  The 
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ftsulting  fonn  of  the  backscatter  contribution  to  the  subgrid  stress  model  can  be  written  as: 


O  -  - 


Hoe,  Q,  bt  constant  of  order  unity  (here,  Ct,»Q.l),  A/  is  the  time  step  (rf  the  LES,  and  fj  Is  a  fandom  number 
iiritb  aero  mw"  and  unit  variance.  *nus  term,  E(].  (13),  can  be  added  to  any  model  for  the  forward  scatter,  i.e.,  Eq. 
(2)  or  (10).  In  dte  present  study,  the  backscatter  ejects  were  investigated  in  conjunction  with  the  k^g,  model  (Model 
C)  given  in  SecUon  2.1.3. 


Ibis  combined  model  is  denoted  Model  E  for  subsequent  discussions. 


2.1.6.  Scale  Similarity  Model 

A  similarity  model  was  recently  proposed  by  Liu  et  al’  based  on  a  priori  analysis  of  high  Re^,  (*  310)  experi¬ 
mental  data  for  a  turbulent  jet  Tliis  model  is  of  the  form; 

Xy  »  CLfUis)Lij 

where  the  stress  Uj  *  <«i“; > - <«i ><5; >  can  be  computed  entirely  from  the  resolved  velocity  field.  Also. 

is  a  function  defined  below.  The  constant  Q  was  determined  to  be  0.45  using  the  high  Re^  data  [9]. 
This  is  to  the  scale  similarity  model  proposed  earlier  by  Bardina  [18],  and  it  can  be  shown  that  the 

energy  flux  to  the  subgrid  scale  El  *  -  Sy  will  exhibit  both  positive  (forward  scatter)  and  negative  (backscatter) 
in  the  flow.  However,  it  has  been  noted  earlier  [9,18]  and  in  the  present  study,  that  this  backscatter  (which  may  not 
be  real)  can  result  in  numerical  instabUity.  Hence,  to  control  the  backscatter.  a  scalar  function  fOu)  is  defined  in 
terms  of  la.  a  dimensionless  invariant: 


Here,  lu  lepresents  the  alignment  between  Ly  and  5y.  Various  forms  of  the  scalar  function  /(/«)  were  proposed 
by  Uu  et  aL*.  but  their  validity  in  LES  has  not  been  investigated.  Furthermore,  the  experimental  data  was  a  two- 
iTittiwfinnai  slice  of  the  flow  field  and  Liu  et  aL®  had  to  make  some  assumptions  to  determine  the  contribution  from 
the  tlurd  ititn^nwnn  In  the  present  study,  a  priori  analysis  of  DNS  results  and  LES  results,  was  carried  out  to  evalu¬ 
ate  this  model.  Various  forms  of  backscatter  control  were  also  studied.  However,  for  lES,  /((tj)  was  diosen  fol¬ 
lowing  the  earlier  suggestion  [9]  such  that /(/^j)  *  ^1 —  eapf— 10/u*)j ,  if  7x5^0,  and/[/Ls)*0,  if/ij<0. 
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F6r  discussion,  the  scale^similarity  model  without  backscatter  control  (i.c.  with  J{Ils)  - 1)  is  denoted 

Model  FI  and  with  backscatter  control  is  denoted  Model  F2. 

During  die  study  of  high  Reynolds  number  (e.g.,  Re^  =  100)  decaying  turbulence,  it  was  observed  that  the  LES  with 
die  htodel  F2  wt^d  become  numerically  unstable.  Therefore,  some  simulations  were  carried  out  using  a  mixed 
nrwui  which  involved  combining  the  eddy  viscosity  model.  Model  A  with  Model  F2.  This  type  of  model  is  similar 
to  Che  mixed  model  proposed  earlier  [18]. 


The  scale  similarity  model  is  denoted  Model  F3  for  subsequent  discussion. 


12.  Snbgrid  Modeling  in  Fourier  Space 

The  Fourier  space  representation  of  the  Navier-Stokes  equations  may  be  written  as: 


^  +  vit2 

dr 


u,(k)  =  A/,(k) 


(16) 


where  B,(k)  is  the  velocity  field  in  the  Fburier  space  at  a  wavenumber  mode  k  (of  magnitude  *),  and  A/,(k)  is  the 
nonlinear  term  which  includes  the  effects  of  advection,  pressure  and  incompressibility  [6]. 


In  Fourier  ^ace,  die  various  terms  in  the  above  equation  can  be  decomposed  into  "resolved"  and  "subgiid  com¬ 
ponents  in  the  wavenumber  space  by  introducing  a  wavenumber  cutoff  at  kg.  Fbr  example,  die  nonlinear  term  may 
be  deccanposed  into  [6,19]: 

)y,(k)=iV,(klik,)  +  N/(kl*,)  ik^kg)  (H) 

The  lesdved  ncmlinear  term,  K(k\kg),  represents  contributions  from  those  triad  interactions  that  couple  a  resolved 
mode  t  S  ke  to  two  other  resolved  modes  pzaik-p  (i.e.,  with  bodi  p  and  k-p  in  the  resolved  range  below  kg).  On 
the  other  the  rest  of  the  triad  interactions,  which  couple  the  resolved  modes  to  subgrid  modes  (with  at  least 
one  of  p  and  k-p  in  the  subgrid  range  k  >  kg),  are rqiresented  by  die  subgrid  nonlinear  term,  N/0i\kg). 

Energy  transfer  between  different  scales  is  represented  by  triadic  interactions.  The  total  (rate  ci)  energy  transfer  to 
a  Rmrier  k,  due  to  its  interactions  with  the  subgrid  scales,  is  given  by  r*(klke)  *Re^i<,*(k)Af,(klktj  , 
where  the  asterisk  denotes  complex  conjugate  and  Re  indicates  the  real  part.  The  subgrid  transfer  spectrum  function 
is  then  given  by: 
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r  »!*.)«  X  T’Ck'IM  (18) 

Here,  r'Ci  ilie)  is  &  function  of  wavenumber  magnitude  it  <mly,  and  the  shell  thickness  Ak  is  taken  as  unity  for  con- 
ireoieoce.  Summation  over  spectral  shells,  denoted  by  X  short,  is  also  used  in  the  fonnation  of  the  energy  spec- 

tram  fimction  E(k)  from  fte  energy  of  discrete  Fourier  modes:  £(k)=  •“X“*(i^“«*(i^)'  wwgy  :9)ectnun 

EHk)  of  the  resolved  scales  (i.e.,  for  k  S*,.  signified  by  superscript  L)  at  wavenumber  k  evolves  by: 

4-EHk)  =  -2  v*2  EHk)  +  nk  Ik,)  +  T’ik  Ik,)  (19) 

ot 

where  r(klk,)  represents  energy  transfer  from  interactions  with  resolved  scales  wily,  and  F(klk,)  leiffesents 
interactiems  with  subgrid  modes  which  must  be  modeled  in  an  LES. 


22.1.  SpectralEddy  Viscosity  Model 
A  spectral  subgrid  eddy  viscosity  can  be  defined  as  [19]: 


v,(klk,)  =  - 


r(klk,) 

2k^EHk)’ 


kSk, 


(20) 


The  corresponding  modeled,  subgrid  nonlinear  term  is  given  by:  A„""(k Ik,)*  - v,(k  I k,) k^  Un(k),  and  the  modeled 
subgrid  transfer  is  r*"(k Ik,)  *  Re^tt,*(k)V,*"(klk,^  . 


It  can  be  shown  diat  fiiis  spectral,  eddy  viscosity  model  accounts  for  the  total  energy  transfer  to  a  spectral  shell 
correctly  [6].  However,  this  model  assumes  that  energy  and  energy  transfer  have  the  same  fonn  of  distribution 
within  a  given  qtectral  shell.  In  other  words,  energy  and  energy  transfer  are  assumed  to  be  entirely  in  phase  with 
cyh  other  in  wavenumber  q;>ace.  Hus  assumption,  of  course,  deviates  from  the  exact  spectral  etjuations. 


1  RESULTS  AND  DISCUSSIONS 

In  friis  section,  the  results  of  the  analysis  in  both  the  spectral  aixl  physical  space  is  discussed. 

3.1.  Spectral  Space  Analysis 

Energy  transfer  information  extracted  from  the  DNS  data  was  analyzed  to  determine  the  effect  of  a  variable  cutoff 
wavenumber  k,  on  energy  transfer  between  the  resolved  (in  an  LES  sense,  k^kf)  and  subgrid  (k  i  ke)  scale  ranges. 
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Tbt  SGS  eddy  viscosity  (Eq.  20)  and  the  subgrid  energy  transfer  T‘(k  I  *c)  cranputed  using  the  DNS  data  for  decay¬ 
ing  isotroiMC  turbulence  (at  Re^  *  20)  arc  shown  in  Figs,  la  and  lb.  respectively.  It  can  be  seen  that  the  SGS  eddy 
viscosity  negative,  albeit,  mall  values  at  low  k/ke  for  relatively  high  values  of  the  cutoff  wavenumber.  Ibis 
that  the  SGS  energy  transfer  r«:  l*e)  ttkes  on  positive  values  -  xqwesenting  a  noo-negUgible  backscatter 
of  floergy  from  Hk  aubgrid  scales  to  flie  resolved  scales.  Tbe  eddy  viscosity  displays  a  cu^like  behavior  at 
sesolved  wavenumbers  ^rproaching  k^,  consistent  with  tiie  results  of  Domaradzki  (19]  at  higher  Reynolds  number. 
The  fonnatitm  of  these  cusps  may  be  understood  in  terms  of  the  local  nature  of  energy  transfer  in  turbulence.  An 
active,  forward-cascading  transfer  of  energy  occurring  between  scales  close  to  kc  causes  a  large  and  negative  value 
of  T*(k  Ike)  and,  a  large  and  positive  SGS  eddy  viscosity.  The  strragtii  of  this  local  transfer,  which  is  evident 
in  Fig.  lb,  depends,  of  course,  on  tire  energy  in  scales  of  size  in  the  order  of  1  /k^  and,  hence,  weakens  with  increas¬ 
ing  k,. 

In  Fig.  la,  it  may  be  seen  that  the  SGS  eddy  viscosity  at  the  lowest  cutoff  wavenumber  kc«10.5  Oine  A)  has  a  much 
greater  value  than  the  data  at  higher  spectral  cutoffs.  This  is  a  consequence  of  the  subgrid  transfer  taking  on  a  more 
character  as  the  spectral  cutoff  is  moved  to  lower  wavenumbers.  That  is,  energy  transfer  between  the  largest 
icales  and  the  subgrid  scales  becomes  much  more  significant  if  the  subgrid  range  is  expanded  to  include  the  inter¬ 
mediate  scales  that  are  closer  to  the  largest  scales.  The  upturn  in  line  A  at  the  low  wavenumber  end  is  partly  a  result 
of  the  fall-off  in  the  energy  qiectrum  as  the  low  wavenumber  limit  is  approached. 

The  data  fthtatna/t  using  the  forced  isotropic  turbulence  data  was  also  analyzed  and  discussed  earlier  [6].  The  results 
showed  that  the  cusp-like  behavior  of  the  SGS  eddy  viscosity  near  kj  is  preserved,  although,  more  pronounced  than 
for  decaying  turbulence.  The  influence  of  kc  on  the  magnitudes  of  the  SGS  eddy  viscosity  and  subgrid  transfer  near 
kc  is  qualitatively  similar  to  decaying  isotropic  turbulence. 

To  assess  the  performance  of  the  SGS  eddy  viscosity  model  ®q.  20).  an  important  criterion  is  how  weU  the  energy 
transfer  is  predicted  in  phyrical  space.  Tbe  Fburier  space  considerations  illustrated  by  Eq.  19,  indicate,  (in  homo¬ 
geneous  turbulence)  (bat  the  space  average  of  the  energy  transfer  is  rqjroduced  exactly  by  tiiis  model.  However, 
inconect  information  in  Fourier  qiace  translates  to  deviations  from  exact  values  at  each  grid  point  in  physical 
fpyy  X  quantitative  measure  of  model  accuracy  is  the  correlation  coefficient  between  the  exact  and  modeled  SGS 
ttansfer  in  physical  space,  denoted  by  r(x  Ik*)  and  Ike),  respectively.  This  correlation  coefficient.  p(r  ,T”), 
vriiich  is  computed  over  all  grid  points  in  physical  space,  is  shown  in  Fig.  2a  as  a  function  of  the  oitoff  wavenumber 
kg.  Also  shown,  is  die  corresponding  correlation  coefficient,  averaged  over  the  coordinate  components,  between  the 
f  and  modeled  SGS  nonlinear  terms,  denoted  by 
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Sevoal  observations  nay  be  nade  in  Rg.  2a.  Rist,  for  all  of  the  quantities  considered,  nodel  perfonnanoe 
improves  steadily  with  increasing  cutoff  wavenumber.  This  is  clearly  consistent  with  the  general  expectatioo  that 
SGS  modfls  should  impiove  if  a  wider  range  of  scales  are  resolved  in  an  LES  by  increasing  the  number  of  grid 
ptfmf  leaving  only  fl»e  smallest  scales  to  be  modeled.  Second,  excq)t  at  low  cutoff  wavenumbers,  the  nonlinear 
aetm  k  predicted  mme  accurately  than  the  energy  transfer.  Since  in  physical  space  this  (subgrid)  transfer  is  given 
by  the  dot  product  between  Ae  resolved  velocity  vector  and  the  subgrid  nonlinear  vector,  we  may  conclude  that  the 
alignment  between  these  vectors  is  not  wdl  predicted.  Third,  tt»e  model  produces  better  agreement  with  DNS  data 
in  Ae  decaying  compared  to  the  forced  case.  This  is  not  surprising,  since  the  artificial  forcing  has  a  distorting 
OD  energy  transfer,  especially  at  the  large  scales,  which  generally  dominate  the  correlation  coefficients. 

The  scale  similarity  model  (Model  FI)  was  also  studied  in  the  Fourier  qace.  Since  two  filter  operations  are  required 
to  evaluate  this  model,  two  cutoff  wave  numben  are  defined  as  kt\  and  kc2,  where  <^ei-  Using  the  decaying 
turbulence  data  obtained  on  the  128’  grid  (for  which,  k^ix  -  60),  the  correlation  of  the  exact  subgrid  stress  ty  with 
the  modeled  subgrid  stress  (Eq.  14,  with /(4s)  =  1)  was  carried  out.  Rguie  2b  shows  the  correlation  as  a 

ftmrtiftn  of  the  ratio  ke^/kc  1  for  a  range  of  values  of  i  ITc:.  "niis  figure  shows  that  for  a  fixed  value  i ,  the 
correlation  decreases  r!q)idly  with  decrease  in  the  test  cutoff  wavenumber  k^t.  Note  fliat  k^  /kd  »  0.5  is  equivalent, 
in  pbyiscal  spivy,  to  a  ratio  between  the  test  filter  2A  and  the  grid  filter  A.  Thus,  it  can  be  seen  fliat  there  is  a 
significant  reduction  in  the  correlation  when  the  grid  filter  A  (or  equivalenUy,  k^)  is  decreased.  This  implies  that 
the  scat**  anailarity  model  prediction  becomes  quite  poor  as  the  grid  is  coarsened. 

It  has  been  observed  in  the  present  study  and  also  noted  earUer  19]  that  the  scale  similarity  model  can  predict  both 
forward-  and  backscatter.  However,  it  is  possible  that  die  badcscatter  predicted  by  this  model  is  not  realistic.  To 
determinf  this,  die  cotreladon  between  the  negative  values  of  the  exact  subgrid  stresses  and  the  scale  similanty 
iPfirtfi  conqHited  as  a  function  of  kd  and  k^j.  The  results  (not  shown)  indicate  that  fot  a  fixed  value  of  kd>  ^ 
high  correlation  is  observed  only  when  kd  is  close  to  kd.  The  cordation  was  always  lower  than  the  correlation 
shown  in  Rg.  2b  indicating  that  the  negative  parts  are  relatively  less  correlated.  In  addition,  with  decrease  in  k^  j,  the 
correlation  of  the  barkscattef  part  dropped  npidly.  Tliese  results  suggest  that  the  badcscatter  modeled  by  the  scale 
timilarity  is  somewhat  realistic,  however,  when  the  grid  is  coarsened  (or  kd  «kd),  a  significant  portion  of 
die  modeled  badcscatter  could  be  non-physical. 

The  q>ectral  sparf  analysis  method  was  then  used  to  analyze  the  beharior  of  some  of  the  subgrid  models.  Rgurc  3a 
shows  the  Kolmogorov  scaled  energy  qiectra  for  the  64’  DNS,  and  for  die  32’  and  16’  LES  using  the  k,,,  model 
with  stnrha<tir  bark<«»»«^  (Modcl  E),  and  the  scale-similarity  model  (Model  F2)  at  a  time  t  =  12  which  corresponds 
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to  around  21.7  large-eddy  lunjover  time.  The  LES  simubtions  were  performed  by  first  filtering  the  64®  initial  field 
C.C.,  at  r  =  0)  in  physical  space  into  the  LES  grid  using  the  top  hat  filler.  Thus,  at  r «  0,  all  the  initial  fields  were 
highly  correbted  to  the  physical  space.  (Results  of  the  pbyrical  space  analysis  will  be  discussed  to  the  next  section). 
However,  to  Fourier  space,  due  to  the  form  of  the  transfer  function  for  the  top  hat  filter,  the  initial  energy  qiectta 
win  be  quite  different  for  the  dirca  and  large  eddy  simubUons.  Tlus  should  show  up  to  the  eventual  evolution  of 
the  flow  field  when  analyzed  in  the  Fourier  space.  However,  if  the  simubtions  are  self  consistent,  the  Kolmogorov 
fcatfd  qiectra  should  exhibit  similarity,  as  seen  in  Fig.  3a. 

Figure  3b  shows  toe  energy  spectra  (normalized  by  toe  kinetic  energy)  as  a  function  of  wavenumber.  The  disagree¬ 
ments  between  DNS  and  LES  results  are  more  ^iparent  to  this  figure.  The  normalized  energy  spectra  obtained 
siting  LES  predia  a  highfr  peak  energy  at  a  lower  wavenumber  when  compared  to  DNS  data.  Both  models  E  and 
F2  predict  nearly  toe  same  peak  value  (about  25  percent  higher  than  exact)  and  location  with  32®  resolution.  How¬ 
ever,  as  the  grid  is  coarsened,  the  model  shows  an  energy  peak  larger  than  toe  similarity  model.  Further,  near 
the  energy  in  toe  high  wavenumbers  is  much  lower  for  toe  LES. 


The  dissipation  spectra  (not  shown)  peaks  at  larger  wavenumbers  (by  a  factor  of  2)  and  all  toe  data  shows  similar 
trends.  However,  since  energy  is  lower  near  *=*„«.  Ose  LES  results  predict  lower  dissipation  when  compared  to 
toe  DNS  results.  These  results  suggest  that  the  dissipation  modeled  by  toe  subgrid  models  is  insufficient  and  needs 

to  be  improved. 

The  energy  transfer  to  the  spectral  space  was  also  analyzed  using  toe  LES  dab.  Using  toe  DNS  and  LES  fields 
shown  to  Fig.  3,  the  spectral  eddy  viscosity  and  the  subgrid  transfer  at  a  cutoff  wavenumber  ®  10  was  computed 
and  is  shown  to  Figs.  4a  and  4b,  respectively.  Note  that  for  the  DNS,  *  30,  while  for  the  LES,  kn*!  “  15. 
Therefore,  a  k^  of  10  is  in  toe  range  of  resolved  scales  for  all  the  simulations.  Figure  4a  shows  that  toe  spectral  eddy 
viscoaty  behavior  in  all  cases  is  nearly  identical  suggesting  that  toe  LES  models  are  behaving  quite  well.  However, 
this  is  somewhat  misleading.  Figure  4b  shows  that  at  k  /k,  -»!  both  modek  E  and  F2  predict  lower  negative  values 
for  the  subgrid  transfer  r(k  Ik,).  A  low  value  for  toe  transfer  would  result  in  a  lower  peak  to  toe  eddy  viscosity. 
However,  less  energy  is  being  transferred  to  toe  subgrid  scales,  as  seen  to  Fig.  3.  Therefore,  the  combination  of  low 
(negative)  value  of  r'(k  Ik,)  and  lower  EHk)  near  k,,  results  to  an  eddy  viscosity  (from  Eq.  20)  toat  spears  to 
agree  with  the  a  priori  results. 


32.  Pbydcal  Space  Analysis 

Tbc  analysis  in  die  physical  qiaoe  was  carried  out  nsing  methods  that  attempted  to  quantify  the  behavior  of  the 
modfh  in  terms  of  the  resolution  of  the  large-scale  structures,  and  the  correlatioo  between  the  exact  and  the 
stresses  and  energy  flux  to  the  subgrid  scales.  Although  Are  a  priori  analysis  was  carted  out  on  all  the 
DNS  data  sets,  otdy  representative  results  are  discussed  below. 

Figure  Sa  shows  ccmtours  of  die  subgrid  energy  flux  (£(A) = ~Xj;Sg)  to  die  subgrid  scales  on  a  32*  grid  obtained  by 
filtering  the  128*  forced  stationary  turbulence  data.  This  result  is  compared  to  die  prediction  by  the  k^g,  model 
without  Q^odel  C,  Fig.  5b)  and  the  scale  similarity  models.  Model  FI  (Fig.  5c)  and  Model  F2  (Fig.  5d). 

Tbe  contour  interval  is  the  same  for  all  figures,  and  an  arbitrary  (but  same)  slice  of  the  3D  field  is  shown.  Com¬ 
parison  with  tbe  exact  resulu  (Fig.  5a)  shows  diat  there  is  significant  similarity  in  regions  with  high  positive 
transfer.  However,  only  Model  FI  (Fig.  5c)  is  capable  of  resolving  regions  with  backscatter,  although,  the  peak 
negative  value  is  over  35%  lower  than  in  the  exact  case.  Tbe  peak  positive  value  also  is  not  predicted  very  well. 
Model  C  is  predicting  a  maximum  level  nearly  60%  lower  than  the  exact  value  while  Model  FI  is  predicting  peak 
kvd  around  35%  lower  without  backscatter  control.  With  backscatter  control.  Model  F2  predicts  a  peak  level 
around  42%  lower.  Tbese  resulU  suggest  that  even  when  there  is  similarity  between  tbe  resolved  structures,  the 
|M»atf  values  predicted  by  subgrid  models  can  be  quite  different  from  tbe  exact  values. 

To  further  quantify  the  differences  and  the  similarities  between  the  model  predictions  and  the  exact  values,  the 
lubgrid  stress  and  tbe  energy  transfer  correlations  were  computed.  The  stress  correlation  data  indicates  that  the 
ccnelation  decreases  with  an  increase  in  filter  width  for  aU  cases.  Figure  6a  shows  tbe  average  correlation  for  the 
isotropic  components  of  die  subgrid  stress  tensor  (i.e.,  Xu)  as  a  function  of  filter  width.  The  correlation  for  die  simi¬ 
larity  (Models  FI  and  F2)  decreases  nqiidly  with  increase  in  filter  size  ^en  compared  to  other  models. 

When  control  was  imposed  (Model  F2),  the  correlation  was  lower.  This  suggests  that  some  of  the  back¬ 

scatter  intrinsic  in  the  scale-similarity  model  may  be  realistic  and  this  result  is  consistent  with  the  data  obtained  ear¬ 
lier  [9].  Tbe  eddy  viscosity  model  of  Smagorinsky  (Model  A)  consistently  showed  the  lowest  correlation,  as  seen  in 
cariier  On  tbe  other  hand,  the  model  (Model  O  showed  a  relatively  high  correlation  for  the  stresses 

with  only  a  weak  dependence  on  die  filter  width.  However,  note  dial  die  high  correlation  is  observed  for  the  4,,, 
only  for  die  isotroinc  stress  components  by  virtue  erf  die  definition.  Eq.  (10).  Tbe  correlation  for  the  off- 
diagonal  stress  components  was  found  to  be  quite  low.  Correlaticm  analysis  of  the  energy  flux  (•-XySy)  is  more 
relevant  for  present  analyris  and  is  discussed  in  mote  details  below. 


Figure  fib  shows  tbe  energy 


flux  correlation  for  tbe  models  shown  in  Fig.  6a,  and  Fig.  6c  shows  tbe  energy  flux 
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ooneladcxi  fat  die  models  at  two  different  Reynolds  numbers.  Note  that  die  higher  Reynolds  number  case  is 
obtained  using  stochastic  forcing  and  dietefore,  direct  compaiisoQ  of  the  forced  and  decaying  turbulence  cases  is  not 
in  this  figure.  As  noted  earlier,  die  energy  flux  to  the  unresolved  scales  is  defined  as  E(A)^~^ijSij  at  a 
filter  width  A  for  the  exact  energy  flux.  For  die  subgrid  models,  is  r^laced  by  the  appropriate  model.  Fcv  small 
values  of  A/t\,  where  ii  is  die  Kolmogorov  scale,  the  correlation  for  the  scale  similarity  models  ^odel  FI  and  F2) 
is  mncfa  higher  than  for  die  odier  models.  Ihe  correlation  decreases  with  increase  in  filter  width  for  both  Reynolds 
anmVT  ^  largest  decrease  seen  for  die  amilarity  models.  On  the  other  band,  the  one^equaticm  model  (Model 
Q  shows  mly  a  weak  dependance  on  die  filter  width  and  Reynolds  number.  This  suggests  that  the  subgrid  kinetic 
energy  model  may  have  good  potential  for  ^iplication  in  coarse  grid  LES. 

Ihe  decrease  in  the  subgrid  stress  and  energy  transfer  correlation  for  the  similarity  models  with  increase  in  filter 
width  can  be  understood  by  noting  that  this  model  was  developed  based  on  analysis  of  very  high  Re^  experimental 
Hata  with  at  least  a  decade  of  wavenumbers  in  the  inertial  range.  For  the  present  DNS  data,  there  is  no  appreciable 
inertial  range,  and  this  situation  is  even  worse  for  the  low  Re^  case.  Furthermore,  the  model  assumes  that  there  is 
timilarity  between  the  stresses  resolved  at  2A  grid  and  die  stresses  resolved  at  the  A  grid.  In  the  present  case,  as  the 
filter  width  increases  (or  as  the  grid  coarsens),  this  assumption  breaks  down. 

Since  the  etisemble*averaged  value  of  the  energy  flux  <E(A)>  should  be  ot  the  order  of  the  dissipation  rate  e,  a 
comparison  was  carried  out  for  all  the  models  studied  here.  The  results  (not  shown)  indicate  that  all  models 
predicted  values  lower  «*»«"  the  dissipation  rate  computed  from  the  exact  field.  However,  the  predicted  <£(A)>  was 
of  the  same  order  as  the  dissipation  rate.  This  agreed  with  the  earlier  observations  [9].  The  energy  flux  at  scales 
larger  than  A  is  also  of  interesL  For  example,  it  was  shown  [9]  that  the  energy  flux  at  a  scale  2A  can  be  represented 
from  the  'local'  and  'not-so-local'  contributions.  Using  the  Gennano  identity,  the  energy  flux  at  2A  can  be  written 
as:  £(2A)  «  <  5  >(/  4  <  x  >ij<  S  >(,).  The  first  term  oo  die  right-hand  ^  of  the  above  expression  represents 

the  'local'  transfer  of  energy  flux  from  large  scales  to  scales  between  A  and  2A,  while  the  second  term  represents 
die  energy  transfer  to  the  scales  smaller  than  A.  A  correlation  between  these  two  lenns  was  ctnnputed  for  various 
filter  width.  The  results  (again,  not  shown  for  brevier)  indicate  a  very  high  correlation  around  0.8,  and  since  £(2A) 
was  always  podtive,  diis  suggests  that  both  die  energy  fluxes  were  forward  scattered.  A  similar  high  conelation  and 
bdiavior  was  observed  by  Liu  et  aL*. 

The  ooeffident  Cl  in  Models  FI  and  F2  was  determined  by  assuming  that  the  correct  amount  of  dissipation  must  be 
predicted  by  die  model  Thus,  Q  »  <1^  Sij>  where  <  >  denotes  ensemble  averaging.  A  value  of 

around  0.4S10.1S  was  estimated  for  the  high  Reynolds  number  experimental  data  {9].  For  the  correlation  analysis 
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shown  in  Rg.  6a-c,  Cl  =  0.45  was  employed.  Since,  in  the  present  study,  a  significant  variation  in  the  ctwrelation 
was  observed  as  a  function  of  both  the  filter  width  and  Re^.  this  coefficient  was  recomputed  using  the  above  noted 
lelatioQ.  Hgure  6d  shows  the  variation  of  C/.  as  a  function  of  filter  width  and  Re^.  The  results  suggest  that  this 
coefficient  increases  with  increase  in  filter  width  and  decrease  in  RCi.  However,  for  smaU  filter  widths,  the 
fiedicied  value  is  well  within  the  range  of  die  value  determined  experimentally  [9]  in  high  Re^  flows.  The  large 
variation  in  die  value  of  Q,  may  be  an  artifact  of  the  limited  range  of  scales  resolved  in  the  present  DNS  data  and 
die  problems  with  the  rimilarity  model  (discussed  above)  when  die  grid  is  coarsened.  This  issue  needs  further 
study. 

A  priori  analysis  of  the  DNS  data  at  Re^.  ~  10  was  also  carried  out  since  this  data  is  used  for  c(«nparison  with  LES 
pedictions  (as  discussed  in  Hg.  3).  Cwnparison  of  the  flow  structures,  and  die  stress  and  energy  flux  correlations 
showed  a  picture  very  similar  to  that  seen  at  the  higher  Rex  (and  therefore,  is  not  shown). 

The  subgrid  models  were  implemented  in  LES  using  32’  and  16’  grid  resolutions.  For  LES,  die  flow  field  was  ini¬ 
tialized  by  the  filtered  initial  field  for  the  64’  DNS.  Hence,  at  »  =  0  the  physical  space  fields  were  highly  correlated 
(although,  in  the  Fourier  space  there  was  quite  a  bit  of  discrepancy,  sec  Fig.  3).  However,  the  results  showed  that  as 
time  evolved,  the  DNS  and  LES  became  highly  uncorrelated. 

To  analyze  the  LES  results,  the  DNS  data  obtained  on  the  64’  grid  resolution,  and  the  LES  data  obtained  on  the  32’ 
grid  were  filtered  to  the  16’  grid.  The  energy  flux  predicted  from  these  two  simulations  at  the  16’  grid  resolution 
was  then  compared  to  the  model  prediction  in  the  actual  16’  grid  LES.  The  results  showed  that  all  the  models 
predicted  very  poor  correlation  Oess  than  0.1)  when  the  16’  grid  LES  was  compared  to  the  filtered  DNS  data  set  at 
the  same  grid  level.  The  comparison  between  the  two  LES  showed  that  the  energy  transfer  correlation  for  the  scale 
similarity  models  (FI  and  F2)  was  very  low  (around  0.12),  while  the  model  (Model  E)  predicted  a  relatively 
hi£hw  value  of  around  0.3S.  This  again  suggests  that  when  coarse  grids  are  employed  in  LES.  the  k,f,  model 
^ipears  to  behave  mudi  better. 

To  visualize  fliesc  results,  Hg.  7a  shows  the  contours  of  the  energy  transfer  computed  on  the  16’  grid  by  filtering  the 
64’  DNS  data  Hgure  7b  shows  the  contours  (using  the  same  contour  interval  as  in  Hg.  7a)  of  the  a  priori  prediction 
by  the  ktg,  model  (Model  C)  on  the  16’  grid  using  the  same  DNS  data.  Qearly,  there  is  quite  a  good  correlation 
between  the  two  figures  (as  seen  in  Figs.  6a  and  6b). 

Hgure  8a  shows  the  contours  of  the  energy  transfer  computed  on  the  16’  by  filtering  the  results  of  the  32’  grid  LES 
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(using  the  Model  C).  Finally,  Fig.  8b  shows  the  energy  transfer  on  the  16’  grid  obtained  by  carrying  out  LES  using 
Model  C  in  that  grid.  If  the  subgrid  model  was  accurate,  then  all  these  figures  should  be  highly  correlated.  As  noted 
above,  although  the  a  priori  correlation  was  high  (Figs.  7a  and  7b),  flie  conelation  (Obtained  n&ng  LES  data  was 
quite  low  (Figs.  8a  and  8b).  However,  it  is  worth  noting  these  results  were  much  better  than  Ibe  results  obtained 
ariog  Models  A  and  F2  (not  shown). 

Figure  9a  summarizes  the  above  results  for  a  range  erf  Reynolds  number.  The  computed  correlation  in  the  16’  grid 
for  the  various  models  is  plotted  as  a  function  of  the  initial  Reynolds  number.  The  data  shows  that  flie  conelation 
for  aD  models  is  much  lower  in  T  .FS  than  in  the  n  priori  analysis.  Furthermcffe,  with  increase  in  Re^,  the  correlation 
for  all  file  decreases,  indicating  a  serious  problem  with  the  diss^tion  modeling.  With  backscatter  modeling 
(Model  E),  a  slightly  higher  value  of  the  conelation  was  obtained  when  compared  to  the  model  without  backscatter 
(Model  Q.  This  small  change  does  not  justify  the  inclusion  of  the  backscatter  tenn.  However,  this  issue  will  be 
revisited  at  a  later  stage. 

The  above  study  showed  that,  although  the  one-equation  model  had  some  potential  for  application  as  a  subgrid 
model  it  still  had  some  major  problems.  To  determine  if  fliese  problems  could  be  removed,  a  series  of  calculations 
were  carried  out  using  die  dynamic  versions  of  the  eddy  viscosity  model  (Model  B)  and  the  dynamic  one-equation 
ynrvipi  (Model  D).  The  results  obtained  from  these  simulations  were  much  more  encouraging.  To  evaluate  the  self 
consistency  of  the  dynamic  models,  the  LES  results  obtained  on  the  32’  grid  were  compared  to  the  LES  results 
obtained  on  the  16’  grid.  The  flow  fields  from  these  two  simulations  can  be  related  through  the  mathematical  iden¬ 
tity,  Eq.  (4).  Thus,  the  modeled  quantity  <uiuj>  obtained  from  the  two  data  sets  must  be  identical  if  the  subgrid 
model  has  performed  correctly  at  the  two  grid  level. 

Figure  9b  shows  die  average  value  of  the  correlation  for  the  anisotropic  coiiqxinents  of  <UiUj>  as  a  function  of  the 
Reynolds  number.  Qearly,  the  correlation  is  very  high  for  both  the  dynamic  models  with  values  consistently  in  the 
0.85-0.97  range.  However,  with  increase  in  Reynolds  number,  the  correlation  for  the  dynamic  eddy  viscosity  model 
uhile  die  dynamic  one-equation  model  maintains  a  high  value.  This  result  suggests  that  models  that  do 
not  die  assumption  of  local  equilibrium  between  energy  production  and  dissipation  rale  (e.g..  Model  D)  are 
superior  to  algebraic  eddy  viscosity  type  models  (e.g..  Model  B).  This  result  is  vcjry  important  since  this  hnpUes  that 
sucdi  models  may  be  iq^licable  for  LES  of  high  Reynolds  number  flows  using  relatively  coarse  grids  (grid  resolu¬ 
tion  restrictions  are  typically  imposed  due  to  computer  resource  limitations). 

Figure  10a  shows  die  variation  of  the  dynamically  evaluated  constants  (i.c.,  C,  C*.  and  Ct)  with  time  during  the 
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•{miiiatifin  fOT  Rci,  =  100.  Figure  10b  shows  ^  variation  of  the  constants  with  the  Reynolds  number.  The  model 
coefficients  go  through  dianges  in  the  early  stages  of  the  turbulent  flow  development.  Howcva,  as  a  realistic  decay¬ 
ing  isotrx^c  field  develcqrs,  the  coefficients  reach  an  asymptotic  state.  Also,  the  values  of  the  coefficients  at  this 
Asyoyxotic  state  are  almost  independent  of  Reynolds  number  (Fig.  10b),  except  for  Ct  in  Model  D  which  is  sensi¬ 
tive  10  boflj  grid  tesolution  and  Reynolds  number.  The  values  of  the  constants  are  in  good  agreement  with  earlier 
Rir  example,  the  Smagorinsky’s  constant  Q  (which  is  dte  square-root  of  the  dyniamic  model  coefficient  O 
is  around  0.165  e*ich  is  quite  close  to  0.17,  suggested  by  LiUy  [10]  for  homogeneous,  isotropic  turbulence  with  cut¬ 
off  in  the  inertial  range. 

4.  CONCLUSIONS 

Direct  and  large  eddy  simulations  of  forced  and  decaying  isotropic  turbulence  have  been  performed  using  a  pseu- 
dospeciral  and  a  finite-difference  code.  Subgrid  models  that  include  a  one-equation  subgrid  kinetic  energy  model 
with  and  without  a  stodiastic  badcscatter  forcing  term  and  a  new  scale  amilarity  model,  have  been  analyzed  in  both 
the  Fourier  space  and  physical  space  using  high  resolution  DNS  data.  The  spectral  space  analysis  showed  that 
energy  transfer  across  the  cutoff  wavenumber  k*  is  dominated  by  local  interaction.  Correlation  analysis  of  the 
(by  a  spectral  eddy  viscosity)  and  exact  nonlinear  terms,  and  the  subgrid  energy  transfer  in  phyacal  space 
showed  very  low  values.  The  correlation  of  the  scale  similarity  model  was  much  higher,  however,  the  correlation 
with  decrease  in  the  test  cutoff  wave  number  (kci)-  This  suggests  that  as  the  grid  becomes  coarse  (i.e.  A 
is  large),  the  scale  similarity  model  becomes  less  reliable. 


In  physical  space,  a  priori  analysis  of  the  stress  and  energy  transfer  correlation  between  the  exact  value  and  the 
modeled  terms  was  carried  out  for  a  range  of  Re;,.  Results  show  that  the  stress  and  energy  flux  predicted  by  subgrid 
models  C  and  F2  correlates  reasonably  weU  with  the  DNS  data,  with  die  scale  similarity  model  showing  very  high 
correlation  for  reasonable  grid  tesolution.  However,  with  decrease  in  grid  resolution,  tire  scale  similarity  model 
O^odd  F2)  becomes  more  uncotrclated  when  compared  to  the  kinetic  energy  model  (Model  O.  This  result  is  con- 
sistent  with  the  observation  made  in  the  spectral  space. 

When  the  tubgrid  models  (with  flxed  coefficients)  were  used  for  LES,  correlation  with  flie  DNS  results  was  very 
low.  This  suggests  that  the  results  of  a  priori  analysis  catmot  be  used  to  predict  the  behavior  of  die  subgrid  models 
in  LES.  The  analysis  of  the  LES  data  obtained  on  very  coarse  grids  showed  that  the  scale  similarity  model 
behaves  very  poorly  when  compared  to  the  model,  which  consistendy  showed  relatively  higher  (albiet,  low) 
correlation.  These  results  suggest  diat  the  scale  similarity  model  can  be  used  only  for  relatively  fine  grid  resolution, 
whereas,  the  kinetic  energy  model  may  be  useful  even  in  coarse  grids.  However,  it  was  determined  that  to  improve 
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tfae  one^eqaation  model,  the  dissipation  tenn  has  to  be  modeled  more  accurately. 

To  dftfpntno  the  performance  of  dynamic  models,  two  models  (the  dynamic  eddy  viscosity  model  and  the  dynamic 
model)  were  implemented  and  LES  was  carried  out  for  a  range  of  Reynolds  number.  The  oorrelaiicxi 
^natyfif  of  th^  simuladons  was  carried  out  without  using  any  DNS  information.  It  was  shown  that  both  models 
conristently  iT»d«cat«!^  a  very  high  correlation  even  in  coarse  grids.  However,  with  increase  in  Reynolds  number,  the 
for  the  dynamic  eddy  viscosity  model  decreased  while  for  the  dynamic  one-equation  model  there  was 
not  much  change.  Hus  showed  that  models  that  do  not  assume  local  balance  between  dte  energy  production  and 
rate  (as  Model  D)  have  a  much  better  potential  fw  modeling  subgrid  stresses  in  coarse  grids  even  at  rela¬ 
tively  high  Reynolds  number.  Furthermore,  the  application  of  the  dynamic  procedure  to  the  one-equation  model 
appears  to  have  improved  the  modeled  dissipation  term  in  the  origmal  equation. 
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Abstract 

A  aev  fcnmilatioD  of  tbe  local  dynamic  model  astociaied  with 
tbe  sobgiid-scale  (SGS)  Idnetk  energy  equation  clocure  Oocal 
dynamic  A<quatioo  tubgrid-tcale;  LDKSGS)  bat  been  tested. 
Tbe  tetultt  are  compared  with  direct  oumeiical  simulation 
(WiS),  Gennaao  et  al.'t  (1991)  dynamic  algebraic  aubgrid-acale 
(DASGS)  model  and  a  locally  averaged  (based  on  vortical 
structure)  dynamic  ii<quatioo  subgrid-tcale  (DKSGS)  model 
which  bat  been  introduced  by  die  present  authors.  Banc 
peopertiet  of  the  model  have  been  studied  using  Taylor-Green 
vortex  flows.  By  preserving  tbe  almost  exact  spatial  locality,  tbe 
local  dynamic  one-equation  model  predictt  the  turbulent  flow 
field  more  accurately  than  tbe  other  models  tested.  In  addition, 
this  model  has  proven  to  be  efficient  with  lower  computatic»J 
cost  than  tbe  locally  averaged  DKSGS  model.  Further  study  is 
underway  to  investigate  the  robustness  of  this  new  local  dynamic 
model  by  applying  it  to  more  complex  flows,  such  as  a  rearward 
facing  step. 

1.  Introduction 

Tbe  dynamic  SGS  model,  introduced  by  Geimano  et  al.,  has 
been  successfully  applied  to  various  types  of  flow  fields  (see 
Moin  et  al.,  1994  for  a  recent  review).  Two  desirable  feat^  rf 
this  model  are  emphasized.  Firstly,  the  model  coefficient  is 
neither  prescribed  a  priori  nor  remains  a  constant,  rather,  it  is 
as  a  pan  of  the  solution.  Ibis  model  removed  a 
major  drawback  of  the  earlier  eddy  viscosity  type  SGS  models 
which  was  their  inability  to  model  correctly  tbe  unresolved 
subgrid  stresses  in  different  types  of  turbulent  flow  fields  with  a 
single  universal  constant  Secondly,  as  a  result  of  tbe  dynamK 
evaluation,  the  model  coefficient  can  became  negative  in  eet^ 
Rgions  of  tbe  (low  field  and  thus,  appears  to  have  tbe  capability 
to  tnimie  backscattcT  of  energy  &om  tbe  subgrid-scales  to  the 
reatdved  scales. 


diit  model.  In  this  work,  we  use  a  ttansport  equation  for  the 
subgrid-fcale  kinetic  energy  coupled  with  tbe  dynamic 
formulatioo.  Tbe  direct  computation  cf  the  SGS  kinetic  energy 
implemented  in  this  model  it  expected  to  account  for  the  local 
details  of  the  flow  structure  and  the  turbulence  development 
history.  It  b  well  known  that  tbe  dynamic  model  employing 
et  ol.’t  mathematical  identity  cannot  guarantee  stable 
numerical  simulations.  One  possible  (and  tbe  most  popular)  way 
to  stabilize  the  simulations  is  achieved  by  spatial  averaging  of 
tbe  model  coefficient  in  directions  of  flow  homogeneity.  In  this 
work,  we  develop  a  generally  applicable  averaging  scheme 
applied  over  local  structures  defined  in  terms  of  vorticity  rather 
than  directions  of  homogeneity. 

Although  tbe  above  noted  local  averaging  method  and  o&er 
similar  methods  (e.g.,  Meneveau  et  oL,  1994)  have  shown  good 
results,  this  local  averaging  approach  is  still,  in  gener^ 
unacceptable  because  local  averaging  is  carried  out  only  to  avoid 
numerical  instability,  and  has  nothing  to  do  with  the  dynamic 
method.  Therefore,  a  truly  robust  dynamic  model  must  be  able  to 
provide  a  stable  and  accurate  solution  using  local  values  the 
coefficient  that  vary  both  in  space  and  time.  In  tbe  present  study, 
tbe  madiematical  inconsistency  and  tbe  ill-conditioning  problem 
that  occurs  when  employing  Germano  et  al.'t  mathematical 
identity  in  the  dynamic  approach  is  eliminated  fcy  introducing  a 
new  local  dynamic  formulation  associated  with  the  one-equation 
SGS  model.  This  model  provides  a  straightforward  localized 
evaluation  of  the  model  coefficienu  and  does  not  cause 
numerical  instability. 

In  this  paper,  two  dynamic  models  based  on  tbe  one-equanoo 
SGS  clotuie  (DKSGS  and  LDKSGS)  and  Germano  et  al.'t 
DASGS  model  are  evaluated  by  comparing  resulu  with  high 
resolution  DNS  daU  from  Taytar-Green  vortex  flow. 

2.  Subgrid-ecak  modeling 


Although  it  has  been  shown  that  this  model  is  superior  to  the 
conventional  fixed-coefficient  modeU  tbe  dynamic  method  s^ 
has  some  drawbacks.  These  drawbacks  appear  to  originate  from 
a  weakness  of  tbe  Smagorinsky  model  used  in  Geimano  et  al.'t 
dynamic  model  as  well  as  from  the  mathematically  inconsistent 
derivation  and  tbe  ill-oonditioning  of  the  dynanuc  fdmulation 


ittelf.  The  Smagorinsky’s  time-independent,  algebraic  eddy 
vireority  model  used  in  Germano  et  al.'t  dynamic  model  is 
derived  by  assuming  local  ^uilibrium  between  tbe  SGS  energy 
production  and  dissipation  rate.  Thus,  non-local  and  histo^ 
effecu  of  tbe  turbulence  evolution  are  completely  neglected  in 
*  A— 
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In  physical  space,  tbe  incompressible  Navicr-Sidces  equadcw 
are  fUtcred  using  a  spatial  filter  of  characteristic  width  A 
(typcally,  the  grid  itsolution)  resulting  in  the  filtered  LES 
equations: 

(1) 


(2) 

where  i^(x,,r)  is  the  resolved  velocity  field  and  the  subgrid- 
scale  (SGS)  strew  tensor  u  defined  as:  It  has 

been  ibown  that  the  proper  choice  of  filter  it  esscntisl  to 
maintain  model  consistency  (Piomclli  et  al,,  1988).  Various 
types  of  filtering  processes  have  been  studied  in  the  past,  such  as 


iDp-hat,  Gaussian  and  Fourier  cut-off  (Uu  et  a/.,  1993;  PiomcUi 
€t  al,,  1988).  In  the  present  study,  we  employ  the  lop-bat  filter 
which  is  ooDsidered  appropriate  for  finite-differtDcc  methods. 

2.1.  Dymmik  Algebraic  Subgrid-ScaJe  (DASC5)  Model 

Cmreotly,  the  most  popular  subgrid-scak  model  is  the  algebraic 
eddy  viscosity  mo^l  originally  proposed  by  Smagoriosky 
(1963); 

(3) 

«l>ae,  Vf  u  tbe  subgrid  eddy  vucosior.  c,  ii  the 

£iiiagorindcy*a  coostant. 


In  this  paper,  we  refer  to  this  original  fonnulatioD  of  the  dynamic 
modeling  coupled  with  Siuagorinsky  siodel  as  the  dynamic 
algebraic  subgrid-scale  (DASGS)  model. 

22.  Dynamic  k-Equatian  Subgrid-Scale  (DKSCS)  Model 

A  ODC-cquatiOQ  model  for  tbe  subgrid-scale  kinetic  energy, 
,  in  tbe  following  form  (e.g.  Yoshizawa,  1993X 


has  been  studied  recently  (Menon  and  Yeung,  1994;  Menoo  e 
al,,  1994).  Here  the  three  terms  on  tbe  rigbt-band-side  of  Eq. 
(10)  represent,  respectively,  tbe  production  rate,  the  dissipahoD 
rate  and  tbe  transport  rate  of  The  subgrid  stresses  are 

modeled  in  tenns  of  tbe  SGS  eddy  viscosity  Vj.  as: 


is  tbe  resolved  scale  strain  rate  tensor  and  |5]«(25^5^)^.  The 
tonstanr  Cg  requires  adjustment  for  di^erent  flows.  A  large 
number  of  studies  have  been  devoted  to  fine-tuning  for 
various  flows  of  interest  This  problem  was  circumvented 
recently  by  using  a  dynamic  procedure  (Germano  et  al,,  1991) 
which  implements  a  direct  evaluation  tbe  model  ooefifkient, 
c|.  Id  tbe  dynamic  modeling  approach,  a  mathematical  identity 
between  tbe  stresses  resolved  at  tbe  grid  scale  filter  A  and  a  test 
filter  4  (typically,  4*24)  is  used  to  determine  tbe  model 
coeffictent  c|.  Thus  if  tbe  application  cf  tbe  test  filter  on  any 
variable  4  tf  denoted  by  4  cv  <4  >«  can  be  shown  that 

(5) 

Here,  s  is  defined  using  tbe  test  filter.  Assuming 

self-similsrity  of  tbe  subgrid  stresses,  one  can  model  7^  in  tbe 
aamewayasT^; 


(11) 

where, 

=  (12) 

As  shown  Eq.  (12),  Vj.  has  tbe  form  «iiicb  is  used  in  standard 
one-equitioD  models  of  turbulence.  Eq.  (10)  is  closed  by 
providing  a  model  for  tbe  dissipation  rate  term,  C  .  By  simple 
scaling  arguments,  £  is  usuaUy  modeled  as, 

e-c.4^.  (13) 

4 

An  important  feature  of  this  model  is  that  no  assumption  of  local 
equilibrium  between  tbe  subgrid-scale  energy  pr^uctioo  and 
dissipation  rate  has  been  made.  That  is,  tbe  direct  computation 
of  tbe  subgrid-scile  kinetic  energy  implemented  in  this  model 
can  account  for  some  non-local  and  l^tory  effects  which  are 
completely  neglected  b  tbe  algebraic  model  described  b  section 
2.1.  Therefore,  it  is  expected  that  this  model  will  give  better 
predicdoQS  of  the  eddy  viscosity  tban  tbe  algebaic  model 


(6) 

where  YfCclA^llj.  Combining  Eqs.  (3).  (5)  and  (6),  an 


•quatioQ  for  r|  can  be  obtabed: 

(7) 

where 

(8) 

Eq.  (7)  is  a  set  of  five  bdependent  equations  for  one  unknown 
ej.  To  minimtTg  the  CTTOT  lha!  cto  occuT  folvbg  this  over- 
detennbed  system,  Lilly  (19^)  proposed  a  least  square  method 
which  yields 


LMsl 

2 


(9) 


In  tbe  present  study,  we  ^ly  the  dynamic  modelbg  method  to 
the  k-equttion  subgrid -scale  model  to  obtab  appropriate  values 
of  the  coefficienu  and  c, .  To  implement  this  method,  tbe 
turbulent  kbetic  energy  at  the  test  filter  level  is  obtabed  fiom 
the  trace  of  Eq.  (5),  K^L^f2^¥k^,.  Usmg  a  procedure  similar 
to  that  outlined  b  Section  21,  an  equation  for  can  be  derived: 


(14) 

where 

(15) 

Eq.  (14)  hu  tbe  same  form  as  Eq.  (7),  so  can  be  determined 
b  a  similar  manner  usbg  the  least-square  method: 


ii& 

2  ■ 


(16) 


A  mathematical  sdentity  simDar  to  Eq.  (5)  between  tbe 
dissipation  rate  resolved  at  tbe  grid  scale  filter  level 


2 


lUs  identity  is,  used  lo  evaluate  the  disaipadoo  rate  model 
cotfficieot 


F^c,G 

(18) 

(19) 

Note  that  Eq.  (18)  is  a  scalar  equation  for  a  single  unknown  and, 
facDoe,  tbe  exact  value  c,  can  be  obtained  without  applying  the 
least  square  method 


point  in  the  flow  field,  and  die  iocadon  of  the  vonicity 

magnitude  is  detennined.  Tbe  local  structure  is  then  identified 
by  determining  all  tbe  grid  points  within  tbe  control  volume 
where  tbe  vcrdcity-ffiagnitsde  is  greater  than  25%  of  the 
maximum.  Tbe  ooefficienu  are  computed  by  volume 

averaging  inside  this  local  structure.  As  a  result  of  this  local 
averaging  procedure,  tbe  model  oocfficieots  vary  fiom  point-to> 
point  variation  is  smooth  ao  that  no  numerical  oscillation 
occurs. 

Although  tbe  behavior  of  tbe  dbovc  noted  locally  averaged 
dynamic  one-equadon  model  is  reasonabk  (as  discussed  belowX 
tbe  concept  of  local  averaging  (whether  based  on  local  structures 
or  directkm  of  homogeneity)  is  sdll  an  artifact  that  is  employed 
primarily  lo  avoid  tbe  numerical  mstability.  Furthermore,  the 
local  averagmg  method  is  inconsistent  with  the  dynamic 
procedure.  A  true  dynamic  model  should  evaluate  tbe  model 
coefficients  locally  without  any  cd  hoc  averagmg.  In  tbe 
foDowing  section,  we  describe  a  new  dynanaic  model  that  does 
not  employ  averaging,  and  where  tbe  coefficients  art  used 
locally  without  causing  numerical  instability. 

2,4,  Local  Dynamic  k-Equation  Subgrid-Scale  (LDKSGS)  Model 


(20) 

2.3,  Local  averaging  of  model  coefficienis 

lx  has  been  rtpexied  by  many  authors  that  tbe  evaluation  of  tbe 
coefficient  in  Gerxnano  et  qI'%  (1991)  dynamic  model  can  result 
in  numerical  insubility.  The  sources  of  instability  appear  to  be 
the  ill-conditioaing  cS  tbe  model  coefficient  (b^ause  tbe 
denominator  of  tbe  exjxcssicm  for  the  model  coefficient  becomes 
very  small  at  some  points  in  tbe  flow)  and  tbe  prolonged 
presence  of  negative  model  coeflkieots  at  aome  locations.  This 
problem  has  been  circumvented  by  spatially  averaging  the 
expression  for  tbe  model  coefficient  in  directkms  of  flow 
homogeneity  (Germano  et  al.,  1991).  Recently,  Meoeveau  et  al. 
(1994)  suggested  an  averaging  scheme  applied  along  particle 
trajectories  rather  than  directions  homogeneity.  This  model  is 
based  on  the  hypothesis  that  tbe  SGS  model  coefficient  at  a 
fives  point  should  depend  in  aome  way  on  tbe  histoiy  of  the 
flow  along  tbe  trajectoiy  leading  to  that  point  because  turbulent 
eddies  are  expect^  to  evolve  along  this  pathline.  This  model  is 
tuperior  to  tbe  oonventiona]  tpatial*averaging  schemes  in  that  it 
retains  aome  local  details  tbe  flow  structure  and  tbe 
tubulence  development  histoiy,  both  of  which  are  ignored  in  tbe 
coDventional  averaging  achemes. 


While  Germano  et  al.*%  fonnulation  for  tbe  dynamic  model  has 
been  used  widely  and  successfully,  it  still  has  tome  ;m>blem5. 
Firstly,  in  spite  of  large  spatial  variation  the  model 
coefficients  value,  it  is  taken  out  of  the  filtering  operation  as  if  it 
were  a  constant  Local  values  of  the  model  coefficient  arc  then 
detennined  as  a  function  of  position.  This  mathematical 
tncoQsiilency  can  decrease  tbe  accuracy  of  tbe  dynamic  model 
Secondly,  ad  hoc  spatial  averaging  has  been  adopted,  without 
any  j^sical  justification,  for  the  purpose  cd  stabilizing  a 
numerical  simulation  of  the  model.  It  has  subsequently  been 
shown  by  Gbosal  et  al,  (1993)  that  for  flows  with  directions  of 
homogeneity,  tbe  solution  for  the  model  coefficient  obtained 
using  this  seemingly  ad  hoc  averaging  operation  is  the  same  as 
that  obtained  from  a  more  rigorous  variational  formulation  of  tbe 
dynamic  model.  While  this  averaging  scheme  proved  to  be 
effective  in  controlling  possible  insubilities  and  led  to  accurate 
results,  it  prevents  tbe  dynamic  model  from  possessing 
straightforward  localization.  Ghosal  et  al,  (1993)  also  proposed  a 
local  dynamic  model  which  seems  to  be  applicable  to 
inhomogeneous  flows.  However  this  model  was  implemented  in 
a  complicated  manner  by  employing  the  original  Germano  et 
c/.'i  dynamic  model  with  two  integral  equations  obtained  from  a 
variational  formulation  (which  art  solved  by  ao  expensive 
iterative  procedure)  and  one  auxiliary  transport  equation  for 
subgrid-scale  kinetic  energy  that  is  used  to  constrain  tbe 
Smagorinsky's  model  coeffident 


In  this  study,  a  new  and  simple  local  averaging  technique  bu 
been  developed.  Ibis  technique  is  based  on  tbe  assumption  that 
the  main  dynamic  mechanism  determining  the  k)cal  property  of 
fte  turbuleot  flow  occurs  inside  local  structures.  It  seems  natural 
lo  define  these  local  structures  in  tenni  of  vortidty  since 
turbulent  flow  is  characterized  by  random  thiee-dimeosiooal 
vortidty  fluctuations.  In  tbe  present  study,  lo  cany  out  local 
averaging  based  on  tbe  extraction  of  local  vortical  structures,  a 
cubic  boot  with  9^  grid  points  is  chosen  surrounding  a  given 


We  propose  a  different  approach  to  dynamic  modeling  assodated 
with  tbe  ooe-equatioD  SGS  model  in  order  to  eliminate  tbe 
deficiendes  of  Germano  et  al'%  formulation  described  above. 
Consider  some  scales  related  lo  different  energy  levels  as 
foUows: 
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Test  filter  level 
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Stress  tensor 
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Attbe  grid  filter  level  fliere  we  tw  energy  leveli  durecteriied 
fey  Ihe  filtered  kiiietk  energy  end  the  resolved  kinetic 
energy  t^u,  (the  fcetor  /i  is  neglected  in  fire  following 
disenttioo  for  ferevi^).  The  SGS  kinetic  energy  k^,  is  then 
fey  the  dificreoce  between  these  two  energy  levels, 
ie^  **  ““jy  ^  resolved  on  the 

grid  scale  A .  the  ehirecteristic  length  scale  for  this  energy  is  A . 
However,  the  characteristic  length  scale  (say_M 
fcvel  it  onknowD  arxl  furthermore,  since  >uft,  and 
rr^ttira  the  SGS  kuetic  energy,  it  it  clear  that  X<  A .  Thus,  the 
characteristic  kng*  scale  for  the  ene^  lies  in  the 
unresolved  range  of  scales.  Whereas  A  is  related  to  the 
production  rate  of  SGS  kinetic  energy,  X  is  related  to  the 
dissipatioo  rate.  The  separation  between  the  scales  where  SGS 
kinetic  energy  it  produced  and  where  it  is  dissipated  explains 
mty  the  model  for  $«*:j^,/A  it  somewhat  poor.  Gearly.  for 
proper  of  the  production  and  dissipation  of  SGS 

kinetic  energy,  it  it  necettaiy  to  have  additional  infonnatioo  oo 
Ate  energy  transfer  occurring  at  these  two  length  scales.  However 
the  information  on  the  smaller  scale  it  not  available.  Therefore 
an  additional  assumptioo  (similar  to  that  used  in  the  standard  k- 
equation  model)  that  the  energy  transfer  rate  whidi  occurs  at  the 
teak  is  essentially  determined  by  the  rate  of  the  Iwgw 
scale,  and  the  energy  determined  by  both  energy  transfers  is 
required.  FmaUy,  the  length  teak  and  strain  rate  of  the  larger 
scale,  sTvt  the  energy  kvel  difference  are  needed  to  oKxlel  not 
only  the  productiem  rate  of  the  SGS  kinetk  energy  (or  the  SGS 
stress  tensor  on  sriiicfa  the  SGS  kinetic  energy  gnoductioo 
dcpCDCls)  bUt  tlSO  tbc  disSlpttiOD  fAtC. 

The  definitianf  and  rclttioni  obuioed  od  the  grid  filter  fcvcl  can 
be  extcDded  to  the  test  filter  kvel  as  long  as  the  ac^  arc 
defioed  in  a  aixxiilar  manner.  As  in  the  above  discussion,  Ae 
energy  kvel  is  resolved  at  the  test  filter  kvel  (2A  )  wbercas 
the  disracteristic  lengdi  scale  (say  X )  for  the  energy  u 
unknown,  and  again  ^  ^ ^  X  <  2A .  However,  at  the 

Mt  filter  level,  an  additional  limilarly-dcfiDed  kngtfa  scale  is 

svailable.  Ibis  acak  (say  S  >  related  to  the  energy  kvel 

* 

which  can  be  ooitqnited,  is  larger  than  X . 

We  can  consider  three  different  SGS  stress  tensors  and 
dissipation  rates,  one  at  the  grid  filter  kvel  and  the  other  two  at 
die  test  filter  kvel: 


(21s) 


(21b) 
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(idu, 


(22s) 


(22b) 


(22c) 


As  long  u  the  eut-olT  is  locsted  inside  the  range  wbere  the  scale 
timiltrity  assumptioc  is  valid,  e,  and  e,  in  Eqs.  (21)  and  (22) 
remain  tbe  aame.  Note  that  and  e  are  the  actual  models 
implemented  in  the  simulation.  These  two  expressions  cont^ 
rwo  unknown  model  ooefficients.  Previously  (see  section  2.3)  we 
adopted  die  expressions  for  and  £  to  dynamically  detennine 
these  unknowns.  However  this  procedure  introdueed  additioosl 
unknowns,  Therefore,  to  close  the  model 

one  other  independent  relation  (e.g.  Gennano  tt  el'* 
mathematical  identity)  is  needed.  At  present  we  nse  the 
expressions  for  and  «  (instead  of  T,  and  £)  which  do  not 
fr.pt.in  tny  additional  unknowns.  Then,  both  c,  and  c,  can  be 
determined  in  the  tame  manner  as  was  dooe  far  c,  and  c* : 


e,= 


JLMil 

2  o^Oj, 


(23) 
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where 


The  deaaminaton  of  Eqs.  (23)  and  (2S)  contain  the  cocrgy 
inficxiDatioD  oo  the  resolved  acak  which  is  always  dod-xoxx 
IbcTcfoft,  the  iD^ooditioQiDg  problem  (observed  in  GennaDO  €t 
€iL*%  dynamic  model)  is  not  oopadcred  aenous  here.  This  local 
dlynimic  model  is  expected  lo  be  valid  where  Oennaoo  €t  al'% 
model  is  valid  since  both  use  the  same  acak  aimilarity 
assumption.  The  existence  of  the  similari^  between  t^  SGS 
atreM  and  the  resolved  atreu  ** 

•npportcd  by  liu  er  ai:%  (1»4)  analysis  using  experimental  dau 
in  the  far  field  of  a  round  jet  at  a  reasonably  high  RcyxK^ 
number.  In  this  woric,  a  high  codrelation  between  the  two  atress 
tensors  is  obtained.  The  proposed  new  dynamic  model  is  more 
effective  in  actual  numerical  implementationf  cheaper  in 
computadonal  cost  and  appears  more  robust  than  both  the 
averaging  approach  and  Gbosal  €t  ol't  inhomogeneous  version 
of  Gexmano  et  ni.*s  dynaznic  model. 

3.  Numerical  method  and  applkadon 

In  this  section,  we  briefly  describe  the  numerical  meAod 
employed  to  solve  the  incompreuibk  Navier-Stokes  equations 
^nA  tite  test  case  used  to  evaluate  the  proposed  dynamic  models. 

i./.  Nmtrical  method 

To  date,  die  most  reliable  aimuladons  of  turbulent  flow  have 
been  performed  with  spectral  methods  because  of  the  extremely 
high  accuracy  these  methods.  However,  spectral  methods  are 
difficult  to  use  in  complex  geometries.  They  arc  also  relatively 
ccmplicated  and  are  not  the  prevailing  methods  in  existing 
application  codes.  Unlike  spectral  methods,  finite-difference 
methods  are  simple  to  implement  and  are  common  in  current 
application  codes.  The  major  shortxxxning  of  finite-difference 
methods  is  that  djcir  accuracy  kvel  is  inadequate  for  turbulence 
simulations.  Rai  and  Moin  (1991)  suggested  the  higb-order 
accurate  upwind-biased  method  as  a  good  candidate  for  direct 
simulations  of  turbulent  flows  associated  with  complex 
geometry.  In  this  work,  we  use  the  noo-staggered  grid  approach 
and  simulations  have  been  carried  out  using  secood-erder 
accuracy  in  time  and  fifth-order  (the  convective  teimt)  and  sixth- 
order  (the  viscous  terms)  accuracy  in  space.  This  code  was 
vslidated  (Meoon  and  Yeung,  1994;  Menoo  et  al*,  1994)  by 
carrying  out  direct  nomerical  simulations  (DNS)  of  decaying 
isotropic  tuibukooe  ind  comparing  the  resulting  statistics  with 
the  predictions  of  a  well-known  pseudo  spectral  code  (RogiUo, 
1931). 

Tsnt^ecnrate  sohitioDS  of  die  incompressibk  Navkr-Stokes 
equations  are  obtained  by  the  artificial  compressibility  approach 
originally  proposed  by  Cborin  (1967).  The  basic  i^a  behind 
artificial  compressibility  is  to  introduce  a  pseudo-tune  equation 
for  the  pressure  duough  the  continuity  equation.  The 
introductioD  of  artificial  compressibilily  alten  the  type  of  the 
system  of  mcompressibk  equations  to  have  properties  similar  to 


that  of  compressibk  flow  and  allows  the  extensioo  of  the  well 
developed  slgorithms  of  compressibk  flow  to  incompressible 
probkmi.  Originally,  artificial  compressibility  was  used  for 
steady-state  solutions.  The  time-accurate  solution  capability  is 
obtained  here  by  adding  a  pseudo-time  derivative  of  the 
primitive  vsriabks  to  each  oorrespooding  equation  (Rogers  et 
cL,  1991).  Tbe  artificial  compressibility  approach  is  applied  only 
to  the  pseudo-time  and  tbe  pfaysica]  time  behavior  is  not 
influcDCcd  u  long  u  tbe  sohitkm  cooverges  to  a  suady-suue  fer 
each  physical  time  level 

The  integratioD  in  pseudo-time  is  carried  out  by  an  explicit 
method  based  on  a  Runge-Kntu  time-stepping  scheme.  Al 
present,  a  5-ftcp  scheme  has  been  emi^oyed  to  obtain  the 
maximum  CFL  number.  Local  dme-fteps  (in  pseudo-timeX 
determined  by  the  local  stability  limit,  arc  also  adopted  to 
accelerate  tbe  convergence  to  a  steady-state  solution.  A  further 
significant  improvement  in  convergence  is  achieved 
incorporating  the  full  approximation  scheme  (FAS)  multigrid 
concept  proposed  by  Brandt  (1981).  A  typical  convergence 
history  is  shown  in  Figure  1,  comparing  s  two  kvcl  multigrid  to 
a  single  grid  solution.  The  code  has  tbe  edibility  of  using  up  to 
4  multigrid  levels. 

3.2.  Application  to  Taylor-Green  vortex  flow 

To  evaluate  the  behavior  of  tbe  dynamic  SGS  models,  we  need 
to  compare  the  predicted  LES  results  with  the  rtsulu  of  DNS. 
However,  since  DNS  require  a  significant  amount  of  computer 
resources  (both  memory  and  execution  time),  it  can  be  applied 
only  to  a  limited  range  of  Reynolds  numbers.  This  Rc>T3olds 
number  range  can  be  increased  by  simulating  a  flow  that  has 
spatial  symmetries  (which  sre  preserved  in  time  as  the  flow 
evolves),  because  tbe  infonnatioD  in  a  fractional  part  d  the 
periodic  box  is  sufficient  to  describe  the  whole  flow  field  using 
these  symmetries.  This  idea  was  exploited  by  Bracbei  et  al. 
(1983)  vAto  simulated  a  Taylor-Green  vortex  flow  and  reduced 
the  necessary  memory  by  1/64  compared  with  that  required  for  a 
general  non-tyinmctric  periodic  flow.  In  this  work,  we  also 
simulated  tbe  so-called  impermeable  box  (0  i  x,y,2  ^  x )  erf  the 
Taylor-Gttcn  voitex  flow  that  develops  from  tbe  following 
initial  condition: 

«  *  fin(x)cos(y)cos(z) 

V  *  -  oos(x)sin(>)  cos(z) 

w=0 

At  time  frf,  the  flow  is  two-dimensional  but  becomes  three- 
dimensional  for  sU  times  l>0.  This  flow  is  considered  ss  s 
simple  system  in  which  the  generation  of  i7maD  scales  and  tbe 
resulting  turbulence  can  be  studied. 

4.  Resuhs  and  Dlscossloii 

Typical  results  are  described  below  to  highlight  the  behavior  of 
tbe  SGS  modeh.  We  bejin  the  study  by  eenying  out  high 
TOolutioD  DNS  uWch  axt  then  lued  to  eveluete  the  LES.  Figure 
2  show*  tbe  ontctled  energy  <li«ip»tion  epeetr*  for  • 
effectively  128*  DNS  daU  at  f«29.  At  this  time,  the  Taylor 
inicTWcale  Reynolds  number  Re^  is  approximately  32.  In  the 
range  of  wave  numbers  i  £10,  tbe  energy  apectrum  confonns  to 
tbe  inertial  k~^  law  with  the  dissipadoo  spectrum  hsving  a  p^ 
at  i  •  10.  At  this  lesoludon  and  fw  the  c^en  inidal  ReslOOO, 
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ttie  taagy  nnge  ud  tbe  ditsipadoo  nage  have  a 

«i£nifie«nt  overlap  (at  veiy  high  Re,  thia  abould  aeparate 
widely).  Ihia  ii  tiisllar  to  tbe  leaulu  of  Domaradzki  €t  al. 
(1993)  whidi  were  obtained  at  Re^  *70.  Thua,  tbe  Reynoldi 
Bumber  used  in  this  limulatioo  it  just  high  eoough  to  capture  tbe 
beginnings  of  toe  inertial  range  dynamics  but  too  low  to  aeparate 
it  from  toe  effects  of  toe  diss^atioa  range  (^rnamics. 

Rgute  3  diowt  toe  Kolmogorov  scaled  energy  transfer  for  tbe 
12S’  DNS,  and  for  64*  and  32’  LES  using  tbe  DKSGS  model 
writo  torsi  averaging  and  toe  DASGS  model  with  coostrained 
local  averaging  at  rB29.  All  LES  simnlattooi  were  perfonned  by 
fret  filtering  tbe  128’  DNS  (low  field  into  toe  LES  grid  using 
toe  top-hat  filter  at  i«9.  Thus,  at  fii9,  all  flow  variablei  (e.g., 
eelocitiet  and  pressure)  were  highly  correlated  in  tbe  physical 
apace.  At  obcerved  in  other  studies,  toe  subsequent  evolution  of 
tbe  flow  field  in  tbe  LES  simuladoD  will  not  remain  ccnelated 
wito  DNS  data.  Therefore,  point-toi>oint  conelatioo  between  toe 
energy  Wantfer  indicted  by  DNS  and  the  energy  toansf^ 
predicted  by  LES  is  expected  to  be  low.  However,  if  toe  dynamic 
models  guarantee  the  aelf-cootistency  of  toe  LES,  toen  it  it 
expected  that  toe  Kidmogorov-tcaled  spectra  computed  in  DNS 
and  LES  will  be  similar.  This  it  observed  and  it  presented  in 
Hgure3. 

To  determine  whether  tbe  flow  fields  in  consecutive  resolutioDS 
have  tome  similarity,  wiiicb  it  the  basic  assumptioa  adopted  in 
tbe  dynamic  modeling  formulation  using  two  filter  levels,  we 
investigate  tbe  relative  behavior  of  two  energy  transfers  (the 
production  and  dissipation  rates  of  the  SGS  kinetic  energy) 
related  to  each  resolution.  Tbe  energy  transfer  appears  an 
appropriate  choice  to  dieck  toe  similarity,  since  toe  property  of 
tbe  turbulence  is  determined  by  toe  energy  cascade  mechanism. 
In  particular,  tbe  relative  behavior  of  the  production  and 
dissipatioo  rates  of  the  SGS  kinetic  energy,  which  are  related  to 
toe  different  scales,  is  expected  to  represent  this  energy  cascade 
in  some  scale  range.  Figure  4  shows  tbe  ratio  between  toese  two 
energy  transfers  at  three  different  resolutions  (64’,  32’  and  16’) 
ns  computed  from  tbe  128’  DNS  data.  For  tbe  64’  lES  using 
toe  dynamic  model,  tbe  information  from  toe  32’  grid  level  it 
for  test  filter  level  information.  Further  toe  information 
on  the  16’  grid  level  is  used  in  the  32’  LES.  According  to  this 
figure,  we  have  similar  energy  transfers  between  32’  and  16’ 
grid  levels  (the  ratios  remain  in  the  tame  range).  Hoa*ver,  it  it 
observed  thet  Ifaere  are  different  energy  transfer  mechanismi 
between  64^  and  32^  grid  levels.  Ibis  means  that  tbe  timilarity 
law  is  not  valid  in  tbe  64^  aimulatkm,  especially  after  1*19. 
Hence  using  dynamic  models  is  expected  to  give  poor 
fcsuks  at  this  resolution  and  time  range. 

To  evaloate  the  perfonhance  of  the  SGS  models,  we  compare  the 
time  evolution  of  the  velocity-derivative  (here,  we  use  3w/3s), 
akewness  S,  and  flatness  f,  factors  computed  from  DNS  and 
LKS  liiti.  The  akewness  and  flatness  are  defrned  as  foUowi 
(VjDcent  and  Meneguzzi,  1991): 

(0w/3z)’y 


Note  tost  <’>  denote  ensemble  uvengbg  instesd  of  ten 
filtering  here.  Figures  S  and  6  show,  respectively,  toe  skewneti 
nod  fistness  evolution  on  toe  64’  gnd  level  as  a  fuoctioo  of  tone. 
This  grid  level  has  toe  cut-off  wave  number  at  t  -30  which  it 
loctted  inside  the  dissipatioo  range  (ice  Figure  2).  Actually,  in 
•imulations  at  resolution,  the  sole  of  the  SGS  models  is  not 
important  because  a  significant  dissipitioo  scales  are  resolved 
even  without  toe  models.  Without  any  obvious  superiority,  all 
SGS  models  contribute  in  a  favorable  way  by  pushing  toe  low 
lesolutioo  siffluladotit  to  represent  tbe  higher  resolution  results. 
It  can  be  seen  fiwn  both  figures  that  toe  curvet  for  64’  LES  sre 
always  Wated  between  tbe  curvet  for  128’  and  64’  DNS.  At 
noted  previously,  all  LES  retulu  begm  to  deviate  fiom  toe  128 
DNS  results  ato  i*21. 

In  figure  7,  toe  modeled  productioo  and  dissipation  rates  are 
compared  to  the  exact  values  computed  fitun  the  DNS  daiv 
While  the  produt^oo  rates  are  reasonably  modeled,  there  is 
relatively  poor  agreement  between  the  exact  and  toe  modeled 
dissipation  rates. 

Figure  8  and  9  show  the  velocity  derivative  skewness  and 
flatness  computed  from  toe  32’  LES.  There  is  now  a  clear 
difference  in  the  resulu  cX  different  models;  the  one -equation 
iTifvii-i  i,  behaving  better  than  toe  algebraic  model.  More 
interestingly,  it  can  be  seen  that  the  local  dynamic  model 
predicts  a  more  realistic  flow  field  than  the  locally  averaged 
dynamic  model 

The  reason  for  the  difference  in  predictions  between  toe  locally 
averaged  DKSGS  and  LDKSGS  is  addressed  in  Figure  10.  The 
LDKSGS  model  shows  an  improved  pediction  of  the  energy 
transfer,  e^ecially  for  dissipation  prediction.  These 
impiovemeols  seem  to  originate  fiom  toe  fact  that,  in  toe 
LDKSGS  model  tbe  turbulent  inttimittency  effecu  can  be 
retained  fcy  not  emidoying  spatial  averaging.  Since  the 
dissipation  is  dominated  by  tbe  scales  smaller  than 

the  scales  determining  toe  production,  it  has  a  higher  level  of 
inteimitteocy  than  tbe  paoduction  mechanism.  Therefore, 
LDKSGS  can  improve  tbe  prediction  of  toe  dissipation 
significant^. 

Figures  11  and  12  show  toe  temporal  variation  of  tbe  various 
dynamically  detennioed  coefficients.  In  the  actual  simulatiotu. 
the  local  values  ct  tbe  coefficieott  (obtained  locally  as  io 
LDKSGS  model  or  by  local  averaging  as  in  tbe  DKSGS  and 
DASGS  models)  were  employed.  However,  to  simplify 
comparisons,  the  global  coefficieou  (obuioed  by  averaging  ova 
toe  whole  flow  field)  are  shown  in  Figures  11  and  12.  It  wis 
observed  during  toe  simulations,  that  tbe  model  coefficients  cmi 
become  locally  negative.  In  the  LES  using  tbe  locally  averaged 
(DKSGS)  and  local  (LDKSGS)  ooe-equation  models,  negative 
coefficieou  (i.e.'e,<0  and  <v<0)  do  not  cause  numericil 
insubility  (note  tost  2  0  dways  for  toese  cases).  However, 
LES  using  the  DASGS  model  beeoiaes  onsuble  when  cj  <0. 
Therefore,  tbe  DASGS  model  coostramed  the  coefficients  to 
non-negative  values  (coostrained  local  avciging).  7“* 
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demonstrates  that  the  DASGS  model  it  Okore  testrictive  when 
•ting  local  ooef^ients. 

Wbeo  the  model  ooeffkientt  become  oegative  (e.g^Cy  <0  and 
e,  <  0).  tbe  model  backscatten.  To  ettimate  this  backteatter,  wt 
itquirt  infonnatioo  about  tbe  energy  oooUioed  within  tbe 
tobgrid-tcale.  Thus  when  tbe  aubgrid  kinetic  energy  vanisbei, 
should  vanish.  Ihit  it  automatically  satisfied  with 
cxke^uatioo  models  since  tbe  eddy  viscosity  it  modeled  in 
iennt  of  tbe  subgrid  kinetic  energy  whereas  in  tbe  algebraic 
backscatter  may  occur  (due  to  c|  <  0)  thereby  resulting 
in  instability.  Another  interesting  observation  fon 

Rgtses  11  and  12  it  tbit  tbe  ooefTkcient  computed  using  tbe 
1J>KSGS  model  axe  usually  tmaller  in  magnitude  than  tbe 
coefficients  computed  using  tbe  locally  averaged  model 
(DKSGS).  For  tbe  LDKSGS  model  this  is  due  to  tbe  local  value 
it  tbe  ooeffickot  becoming  oegative  in  tocieased  legions  of  tbe 
flow  and  lowers  tbe  average  value.  The  vaiiatioa  of  tbe 
dissipation  model  ooefficient  is  similar  for  both  one-equadon 
models  at  64^  resolution.  However,  their  values  at  the  32^  grid 
level  differ  ngnificantly. 

5.  CoodudoBt 

A  new  fonnuladoo  of  the  local  dynamic  model  associated  with 
die  SGS  kinetic  energy  equation  cloture  bu  been  tested.  Tbe 
resulu  art  oonpared  with  those  from  DNS.  Cetmaoo  et 
DASGS  model  and  locally  averaged  (based  on  vortica]  structure) 
DKSGS  model,  which  has  been  introduced  by  tbe  present 
authors.  Basic  properties  of  tbe  model  have  been  studied  using 
Taylor-Green  vortex  flows.  By  preserving  tbe  almost  exact 
spatial  locality,  tbe  local  dynamic  one-equation  model  predicu 
tbe  turbulent  flow  field  more  accurately  than  tbe  ocher  models 
tested.  Also,  this  model  has  proven  to  be  very  efficient  in  actual 
numerical  implementations  with  lower  computational  cost  than 
the  locally  averaged  DKSGS  model.  We  stress  that  the  detailed 
study  of  similarity  in  consecutive  resolutioas  (which  is  tbe  base 
of  d^amic  modeling  approaches  using  two  filter  levels)  should 
be  carried  out  to  address  tbe  limit  of  dynamic  models.  In  this 
study,  we  dememstrated  that  the  ratio  of  tbe  productioo  and 
dissipadoo  rates  of  the  SGS  kinetic  energy  is  one  way  to  check 
this  similarity  property. 
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Figure  1.  CcBTegeDce  histciy  iluriag  coe  pfayiiad  time 
«ep  CD  •  64*  grid,  plotted  «t  fool-BMD-eqoire  of 
midutb  (RMS)  n.  fine  grid  ttenrioD  nmber. 


Figure  4.  Ute  ntio  of  &e  producdoo  (P)  «ad  disripelioD 
(D)  ntes  of  file  SGS  kuetic  cae^gy  eocqputed  from  128* 
DNSdeta. 


Figure  S.  Coo^ieriaca  of  fiie  Telocity>derivative  skewness 
ftrt«ir  (S)  for  DNS  end  LES  with  virious  dyumie  SGS 
models  on  a  64*  grid. 


Figure  6.  Comparison  of  fi«  velocity-derivative  flatness 
factor  (F)  for  DNS  and  LES  with  variosis  dynamic  SOS 
models  on  a  64*  grid. 
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Fifure  7.  CoapBiMO  of  the  prodoctica  (P)  tad  duapehcn 
(D)  XBtei  oT  the  SGS  kiaetic  CDOSy  fix  and  LES  with 

mrioa  dynnue  SOS  atrxVIt  en  «  64*  grid. 


Figure  10.  CoD^ariaae  of  the  production  (P)  tztd 
disapatioD  CD)  late*  of  the  SOS  ki^c  aofy  for  DNS 
andLES  witbvarioDsdyBamicSGSiaodelsaDa  32*  grid. 


Figure  t.  Coapariaon  of  the  yelocity<derivative  dxwnea 
factor  (S)  for  DNS  and  1£S  with  various  dynamic  SOS 
models  oo  a  32*  grid. 


Figure  11.  The  time  cvoIutiaQ  of  the  eangftifnpjntT  for 
dynamic  SOS  models. 
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Figure  9.  Coo^stnaao  of  ftie  vdodty-derivitive 
factor  (F)  for  DNS  and  1£S  with  various  dynamic  SOS 
models  on  a  32*  grid. 


Figure  12.  The  time  cwohitioo  of  fl>e  dissipatioD  model 
coefficients  for  dynamic  ooe-equatiao  SOS  models. 


